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Abstract

Estudamos o artigo [2] por C. Arezzo e J. Sun. Apresentamos uma correspondéncia entre
solitons conformes para o fluxo da curvatura média em uma variedade Riemanniana ambiente N
e subvariedades minimas em um produto warped N x R. A demonstracdo dessa correspondén-
cia nos fornece uma func¢ao potencial para o campo vetorial conforme do séliton conforme, que
nos possibilita apresentar uma correspondéncia entre estabilidade de subvariedades minimas
associadas aos sélitons conformes em um produto warped e estabilidade de subvariedades
minimas como pontos criticos para um funcional volume com peso, em que o peso é dado
em termos da func¢do pontencial. Na sequéncia, apresentamos uma demonstracao que os
self-shrinkers compactos em R"*! ndo sdo estdveis e, seguindo C. Arezzo e J. Sun, apresenta-
mos uma demonstracdo de que o cilindro grim reaper € um sdliton de translacio estdvel em
R"*!. Finalmente, apresentamos uma correspondéncia entre sélitons conformes em R"*? ¢

subvariedades totalmente geodésicas em R""P+!

por C. Arezzo e J. Sun.
Palavras-chave: estabilidade, subvariedades minimas, produto warped, fluxo da curvatura

média, solitons conformes.



Abstract

We study the paper [2] by C. Arezzo and J. Sun. We present a correspondence between
conformal solitons to the mean curvature flow in a Riemannian ambient manifold N and
minimal submanifolds in a warped product N x R. The proof of this correspondence provide
us a potential function for the conformal vector field of the conformal soliton, which enable us
to present a proof of a correspondence between stable minimal submanifolds associated to the
conformal solitons in a warped product and the stability of minimal submanifolds as critical
points to a weighted volume functional where the weight depends on the potential function. In
the sequence, we give a proof that compact self-shrinkers in R"! are unstable and, following
C. Arezzo and J. Sun, we present a proof that the cylinder grim reaper is a stable translating
soliton in R"*!. Finally, we present a correspondence between conformal solitons in R"? and

totally geodesic submanifolds in R"+7*!

by C. Arezzo and J. Sun.
Keywords: stability, minimal submanifolds, warped products, mean curvature flow, con-

formal solitons.
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Introduction

One of the most amazing themes to work in geometry is the study of geometric flows. These
flows have shown themselves a powerful feature to answer big questions in topology, e.g., the
Ricci Flow was used by Hamilton and Perelman to prove the Poincaré’s conjecture, one of the
Millenium Prize Problems and one of the most difficult problems in topology which remained
open for almost one century.

The mean curvature flow stands out among the geometric flows for its various topological
consequences (see [6], [17], [18] and [22] for some examples) and its applications in other areas
outside of mathematics (see [5], [9], [13] and [24] for some examples). The first theoretical
mathematical approach to the mean curvature flow was developed by Brakke in a geometric
measure point of view in [4], but only with the advent of the Ricci Flow the mean curvature
flow gained more prominence when Huisken adapted the techniques of the Ricci Flow to the
mean curvature flow which culminated in his famous work [20]. Formally, the mean curvature
flow is a family of smooth immersions such that the initial Riemannian hypersurface M evolves

by its mean curvature over the time in the Riemannian ambient manifold N, i.e.,

F:Mx[0,T)—N

such that
oF
W(pvt) :H(p,l)V(p,t)
F(M,O) =M,

where v(+,1) is the unit normal to F(-,¢) pointing inward and H (-,#) its mean curvature.
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Intuitively, the mean curvature flow is a way to deform into its normal direction and with
velocity given by its mean curvature. For example, round spheres are deformed into "points"
and cylinders are deformed into "straight lines", both preserving their shape along with the

flow. On the other hand, planes are preserved by the mean curvature flow (see Fig. 1).

Spheres
() .
N
Cylinders
Planes

Fig. 1 Figure extracted from [10].

There are substantial works on the mean curvature flow when N = R"*1, Among these
works, special solutions received a lot of attention recently. One of these special solutions are
the solitons solutions, associated to a given vector field X. Such solutions provides interesting
geometric structures on the initial data given by the hypersurface M. Following definition 1.1 in
[1], a hypersurface f : M — N is a soliton of the mean curvature flow with respect to a vector
field X on N if <X = H for some constant ¢ and where H is the mean curvature vector field.
When N is the Euclidean space, we have interesting structures by taking particular cases of ¢
and [23]: when X is a constant vector field the soliton is called translating soliton. When [23]
is the position vector field, we have the self-shrinkers if ¢ < 0 and the self-expanders if ¢ > 0.
In a general setup, we say that the soliton is a conformal soliton if X is a conformal vector
field. Besides of being related with mean curvature flow, translating solitons, self-shrinkers
and self-expanders can also be view as weighted minimal surfaces or the so called f-minimal

surfaces, when we consider a conformal metric el g in R”, where g is the Euclidean metric. For
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this reason, such structures have also their own interest and have been intensively studied in the
last years (see [3], [7], [8], [23] and [26] for some examples).

Another motivation for the study of solitons is the close relation with singularities. If a
hypersurface develops a singularity under the evolution by the mean curvature flow such that

the norm of the second fundamental form has the growth rate

Co
Ap.t)|* < =
max A0 < 575

,Vt€[0,T), Cp >0,

the singularity is called Type I singularity. Otherwise, the singularity is called Type II
singularity. Type I singularities are close related to self-shirinkers, as we can see in Huisken
[19], whereas a relation between translating solitons and Type II singularity was obtained by
Huisken and Sinestrari [21] (see also Corollary 9.4 in [28]).

These solutions motivate the study of self-similar solutions evolving by mean curvature
in a setting more abstract, by considering conformal solitons for the mean curvature flow in
arbitrary ambient spaces, as we can see in Smoczyk [30] and in Lira [1].

The present thesis is based in [2] by Arezzo and Sun, where the ideas of Smoczyk in
[30] are extended for the case of submanifolds and a study of stable self-similar solutions in
the sense of stability for conformal solitons is presented. As some proofs are extensions of
Smoczyk’s ideas for higher codimension, many of the proofs in [2] are omitted or not given in
details. We present full proofs of the results, including omitted proofs, e.g., the proof that grim
reaper cylinder in R™*! is stable. One of the main contributions of this dissertation was to fix a
mistaken computation of the curvature tensor component (2.8) in [2] and, consequently, the
computations of the components of the Ricci tensor were fixed. The results of the section 3
in [2] holds with some corrections in the sign of the conformal factor (see definition 1.3) and
in the sign of the last term in the right side of the equality in the lemma 2.4 as well as some
corrections in the tensor curvature in the definitions 2.1 and 3.1. Other important correction
is in the sign of the second derivative in the lemma 3.2 in [30] which is the lemma 2.2 in this

dissertation. These corrections have some interesting consequences listed below:



Introduction 4

1. there is only one stability operator and the notions of stability for submanifolds obtained

in the section 3 in [2] and by variational principle for the weighted volume are equivalent;

2. following Colding and Minicozzi [11], it is given a proof that that every compact self-
shrinker in R"*! is unstable, when considered as critical points for the weighted volume.
This result seems to contrast with Theorem 5.2 in [2], which states that a self-shrinker
is stable if and only if is the sphere S"(1v/2n). However, it is important to note that such
Theorem is stated following the notion of stability with the wrong sign mentioned above.
Moreover, as observed in the beginning of the section 4 in [12], every critical point of
the F' functional is unstable if you fix x¢ and ¢y and vary X alone, but the F' functional
with xyg = 0 and #p = 1 fixed is exactly the weighted functional. Therefore, we believe
that these observations help to clarify the stability of self-shrinkers considered in [2] and

[30].

This master thesis is organized as follows. The chapter 1 contains some preliminary results.
It is also given a geometric interpretation of the stability of minimal hypersurfaces with respect
to the functional volume to familiarize the reader with the notion of stability and the variational
principle that will studied in the chapter 3.

The first two sections of the chapter 2 is based on the ideas of Smoczyk in [30] and extended
for higher codimension as done in [2]. Some geometric quantities are computed for a warped
product metric that are useful to establish a correspondence between conformal solitons of
the mean curvature flow and minimal submanifolds in a warped Riemannian manifold. Also,
they are useful to establish a correspondence between minimal hypersurfaces in a warped
Riemannian manifold and an inequality of stability. Arezzo and Sun extend these results to
submanifolds and characterize conformal solitons in R""” endowed with the Euclidean metric
through tottaly geodesic submanifolds in R" 7! endowed with a warped product metric in the
last section.

The first section of the chapter 3 provides the computations of the First and Second
Variations of a weighted functional volume following [2] and [11]. This motivates the definition
of a stability operator for conformal solitons and the local minimum of this functional provides

a different proof of the stability inequality for conformal solitons obtained in the chapter 3. It is
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presented a proof that the conformal solitons are the only one critical points of this functional
and some examples of stable conformal solitons are given. Finally, we present a proof that the
grim reaper in R? and the grim reaper cylinders in R"*! are stable translating solitons given by

Arezzo and Sun.



Chapter 1

Preliminary results

In this chapter, we will introduce basic notions and results of smooth manifolds and
Riemannian geometry. We will also present a brief introduction to the variational approach
for minimal hypersurfaces, in order to familiarize the reader with the notion of stability. We
will end the chapter with some basic concepts on the mean curvature flow that will be useful

throughout this dissertation.

1.1 Tensors and Lie derivative

We give a short introduction to tensors following section 5 of the chapter 4 of [14] and
we introduce the Lie derivative as a consequence of the Corollary 12.33 in [25]. This is not
a geometric introduction to these concepts, but we do in this way to give an easy and quick
introduction to the structures to prove the proposition 1.1. The curious reader can read a

geometric introduction in the chapter 12 of [25].

Definition 1.1. A tensor 7 of order r on a Riemannian manifold M is a multilinear mapping

T:\%(M) XX X(M) — C”(M)

J/

~~
r times

This means that given Yy,--- .Y, € X(M), T(Y},---,Y,) is a differentiable function on M,

and that 7 is linear in each argument, that is,
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T(Yla"' 7fX+gY7 7Yr) :fT(Y17 7X7"' 7Yr)+gT<Y17 7Y7"' 7YI‘>
forall X,Y € X(M), f,g € C*(M).

A tensor T is a pointwise object in a sense that we now explain. Fix a point p € M and let U
be a neighborhood of p € M on which it is possible to define vector fields Ej,--- ,E, € X(M),
i.e., the vectors {E;(g) };—; form a basis of T,M at each g € U; we say, in this case, that {E; }i_,

is a moving frame on U. Let

n
Y]: Zyi_,‘Eija jzl,"',l’.

ljZl
be the restrictions to U of the vector fields Yy, - - - , ¥, expressed in the moving frame {E;}.

By linearity,

n
T(Yb”')Yr): Z yh"'yirT(El']v'“?Eir)-

117".71‘}’:1
The functions T(E;,,--- ,E,

i.) = Tj,...;, on U are called the components of 7 in the frame
{E;}.
Example 1.1. The Riemannian metric is a tensor of order 2.

Definition 1.2. Let 7 be a tensor of order r. The Lie derivative .Z of T in the direction of a

vector field Z € X(M) is a tensor of order (r+ 1) given by

(T, Y) =Z(TM,---,Y)-T(Z,1n), -, Y)—-- =T (Y1, ,Yr_1,[Z,Y}]).

1.2 Basic results on Riemannian manifolds

We introduce the Einstein’s sum convention that will used throughout this work without
do mentions posteriori. The Einstein’s sum convention consists to omit the sum always that

appears upper and lower indexes repeated. See an example below.
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Example 1.2. Let M C R""! be a hypersurface. The mean curvature of M is written as

H = i gijhij.

i,j=1
The mean curvature of M is written in the Einstein’s sum convention as
i
H= g J ]’ll' je

Proposition 1.1 (The Lie derivative in terms of the connection). If (M,g) is a Riemannian

manifold, then

(Zxg)ij =ViX; + VX,

where V denotes the Levi-Civita connection of the metric g and X is any vector field defined

onM.

Proof. We follow the proof presented on page 14 of [29]. Let w be an 1-form dual to the vector
field X, i.e., @ is an 1-form which satisfies @,(Y) = g,(X,Y) for each p € M. Omitting p € M

for simplicity, using the compatibility of the metric and the symmetry of the connection,

(ngXYvZ) :g(vXY72)+g<Y7VXZ) —g([X,Y],Z) —g(Y, [X’Z])

g(VxY —[X,Y],2) +¢(Y,VxZ - [X,Z])

(
(VyX Z) —|—g(Y VzX)

g
Y(8(X,Z)) —¢(X,VyZ) + Z(g(Y,X)) — 8(VzV, X)
Y(0(Z)) —o(VyZ)+ Z(o(Y)) — o(VzY)

= (Vro)(Z) + (Vzo)(Y),

which is free-coordinate, expressing the identity desired.
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Definition 1.3. A smooth vector field X on a Riemannian manifold (M, g) is said to be a
conformal vector field if there exists a smooth function A on M, which is called the conformal
factor of the conformal vector field X, that satisfies Zxg = 24 g, where Zx g is the Lie derivative

of g with respect X.

Remark 1.1. Although conformal vector fields are most commonly defined as above, proposition
1.1 give us an equivalent definition that can be stated as follows:

A smooth vector field X on a Riemannian manifold (M, g) is said to be a conformal vector
field if there exists a smooth function A on M, which is called the conformal factor of the
conformal vector field X, that satisfies V;X; 4+ V ;X; = 2Ag.

The advantage of see conformal vector fields in such way will be clear in the proof of the

theorem 2.1 and the lemma 2.3.

Definition 1.4 (Hodge star operation). Given a k-form ® in a smooth n-dimensional manifold

M, define an (n — k)-form *@ by setting
*(dxi, N+ Ndxi ) == (=1)%(dxj, A~ Adxj, )

and extending it linearly, where i} < --- <y, j1 < < ju—t> (i1 ik 1" Ju_k) 1S @ permuta-

tion of (1 2,---n) and o is 0 or 1 according to the permutation is even or odd, respectively.
Example 1.3. Let M = R,

a) If @ = dxj, then the permutation (1 2 3) is even and *® = dxp A dx3;
b) If @ = dxy A dxs, then the permutation (2 3 1) is even and *@ = dxy;

¢) If @ = dx;, then the permutation (2 1 3) is odd and x® = —(dx; Adx3).

Definition 1.5. Let (M, g) be a n-dimensional Riemannian manifold, let V be its connection
and let X (M) be the set of smooth vector fields defined on M. The Riemannian curvature tensor

is

R:X(M)xX(M)x X(M) — X(M)

(X,Y,Z) — R(X,Y)Z :=VxVyZ - VyVxZ —Vx y|Z.
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Let us define the tensor

R(X,Y,Z,W) :=g(R(X,Y)Z,W)

and the Ricci tensor Ric as the trace of the map X — R(X,Y)Z. If {e;}"_, is an orthonormal

basis, then
n

n
Ric (Y,Z):Zg(R ei,Y Z (ei,Y,Z,e;).
i=1 i=1

Proposition 1.2 (Local expressions of the Riemannian connection and the Lie Bracket). Let
(M, g) be a n-dimensional Riemannian manifold and let X (M) be the space of smooth vector

fields defined on M, then

VyY = Z(XY" +ZXYJF>

i,j=1

dY/ ox/
=¥ (5 Y’W) e

i,j=1

where {e;}!_| is a local coordinate basis.

Definition 1.6. Let (M, g) be a Riemannian submanifold immersed on a Riemannian manifold
(N,g). Let f: M — N be such immersion, let V and V be the connections of M and N
respectively. We denote by X(N) be the space of smooth vector fields defined on N and and
by X(N)* be the space of smooth vector fields defined on N orthogonal to f(M). The second

fundamental form of M in N is the bilinear map

B:X(N)x X(N) — X(N)*

(X,Y) — B(X,Y) := VxY — VyY.
Definition 1.7. A Riemannian submanifold M of N is totally geodesic provided its the second
fundamental form vanishes.
Proposition 1.3. For M C M the following are equivalent.
1. M is totally geodesic in M.

2. Every geodesic of M is also a geodesic of M.
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3. If v € T,M is tangent to M, then the M geodesic %, lies initially in M.

4. If ais acurve in M and v € Ty g)M, then parallel translation of v along ¢ is the same for

M and M.
Proof. See proposition 13 on page 105 of [27]. [

Lemma 1.1. Let M and N be complete, connected, totally geodesic Riemannian submanifolds

of M. If there is a point p € M NN at which T,M = T,N, then M = N.
Proof. See lemma 14 on page 105 of [27]. U

Remark 1.2. Although the last two results are proved for semi-Riemannnian manifolds, they

hold for Riemannian manifolds.

Theorem 1.1. The only one complete, connected and totally geodesic Riemannian submani-

folds of R" are the linear subspaces of R" and their translations.

Proof. From the first and second items of the previous proposition, linear subspaces of R"
are totally geodesic and, consequently, their translations are also totally geodesic. Let M
be a complete, connected and totally geodesic Riemannian k-submanifold of R” and N be a
k-linear subspace of R". Recalling that the spaces 7,M, (R¥)" and R* are isomorphic for every
Riemannian k-submanifold M of R", we can suppose, applying rigid motions if necessary, that
the hypothesis of the previous lemma are fulfilled less isomorphism, then M = N, i.e., M is a

linear subspace of R". O

Remark 1.3. The hypothesis of completeness and connectedness in the theorem can be removed
if we add in the theorem the possibility that the totally geodesic Riemannian submanifolds M

of R" can be also linear subspaces of R" or its translations in each connected component of M.

Theorem 1.2 (Inverse Function Theorem). Suppose M and N are smooth manifolds, and
F :M — N is a smooth map. If p € M is a point such that dF), is invertible, then there are con-

nected neighborhoods Uy of p and Vj of F(p) such that F|y, : Uy — Vp is a diffeomorphism.

Proof. See theorem 4.5 on page 79 of [25].
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Theorem 1.3 (Stokes’s Theorem). Let M be an oriented smooth n-manifold with boundary,

and let @ be a compactly supported smooth (n — 1)-form on M. Then

/dco:/ .
M oM

Proof. See theorem 16.11 on page 411 of [25].
[]

Definition 1.8. Let {E;};_; an orthonormal frame at a point p € M of a n-dimensional Rieman-

nian manifold (M, g). The divergence of a smooth vector field V on M is

divV = Z<VE,~V7E1'>-
i=1

Theorem 1.4 (Divergence Theorem). Let (M, g) be an oriented Riemannian manifold with

boundary. For any compactly supported smooth vector field X on M,

/M (div X)dV, = /a XN gV

where N is the outward pointing unit normal vector field along dM and ¢ is the induced

Riemannian metric on dM.

Proof. See theorem 16.32 on page 424 of [25].
[

For our purposes in this work, we refere to the following corollary as the Divergence

Theorem.

Corollary 1.1. Let (M, g) be an oriented closed Riemannian manifold without boundary. For

any smooth vector field X on M,

/M (div X)dV, = 0.

Definition 1.9. Let M be a smooth manifold and @ a n-form defined on M.
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a) wis aclosed formif dw = 0;
b) ® is an exact form if there exists a smooth function f : M — R such that @ = df.
Theorem 1.5. On a simply connected smooth manifold, every closed 1-form is exact.

Proof. See Corollary 16.27 on page 421 of [25].

The next result will be necessary to prove theorems 3.4 and 3.5.

Proposition 1.4 (Wirtinger’s inequality). If f : [a,b] — R is differentiable on (a,b) with
f(a) = f(b) =0, then

/ab(f(x))zdx < <b;a>2/ab(f'(x))zdm

a\’*, :
the constant (T) is optimal.

Proof. See page 47 of [15]. ]

1.3 Geometric interpretation of the stability of minimal hy-
persurfaces

We follow [16] in this section. Let (N, g) be a Riemannian manifold and M a Riemannian
submanifold of dimension n, with boundary and with the metric induced by N. Denote by V
and V the connections of M and N, respectively. Consider a variation of M on N with fixed
boundary:

fiMxI— N, fo=idu, flomx () = idyp, Vt € 1.

Assume that f; : M — N is an embedding for each ¢t € I and let M; := f;(M), @ the element

of volume induced on M; and wy = dx| A\ - - - A dx,, the element of volume induced on M, then

Vol(M,):/Mf,*a),, Vol(M):/Ma)o.
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d
The variational vector field associated is V = —f Observe that V|, = 0 since the boundary

ot
of M is fixed throught the variation.

1.3.1 The First Variational Formula for the functional area.
Lemma 1.2. Let E be a vector space of dimension n equipped with an inner product, oriented
and with a positive basis {vy,---,v,}, then

det(vy,---,vy) = y/det((vi,v})).

Proof. Let {e¢;}"_, be an orthonormal positive basis of E. Observe that the matrix in the left
of the equality of the lemma has entries a;; = (vj,e;), while the matrix P with the entries

pij = (v,-,vj> is P = AT A as verified below:

n
pbij = Vzan Z Vi,ex) ek7vj> = Zakiakj'
k=1 =

Thus,
detP = det(ATA) = (detAT)(detA) = (detA)?,

1.e.,

det(vi,---,v,) = y/det({vi,v;)).
OJ

Lemma 1.3. If A(7) is a family of linear and invertible functions defined on a vector space E

of dimension n so that A(0) = Id, then

%(detA(t)) =wA)

Proof. Writting as a n-form applied in vectors,

det(A(t)) = w(A(t)ey, -+ ,A(t)e,) with A’(0 Z a; e]
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Thus,

]

Lemma 1.4. If a = %(V*) is the (n — 1)-form defined on 7,M where V* is the 1-form dual to
n

the field V defined in the beginning of this section, then da = Z ei((V,e;))my.
i=1

() ()
iVek ) iVek s dx*

(V.

Proof.

MS/_\

e (—1 Tl A Addk A - AdX,

k

—

which implies

doc:d<
k

(1)1 (Z ei((V,er))dx Adx A== Ndxk A - /\dx")

M=

(V,er) (=1 ax! /\---/\JQ‘/\---/\dx")

I
—_

I
N

=~
I
—_

a ek(<Va€k>)dxk/\dxl /\~--/\JQ</\.../\dxn

I
1=
|
pr—
S—
_

~
I
-

ex((V,e ) )dx! A Ndx¥ A+ Ndx = Z ex((V,er)) ax.
k=1

I
D=

>~
I
—_
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Theorem 1.6 (First Variational Formula for the functional area.). Considering the hypothesis

made in the beginning of this section, then

d
EVOI(M,)

= —/M(V,ﬁﬂuo.

t=0

Proof. Fix p € M and a system of coordinates on a neighborhood of (p,t) € M x I with
coordinate vector fields d; and d;|, = e;|, foreach i =1, --- ,n where ¢; are orthonormal vector
fields and tangent to M in a normal neighborhood of p € N and geodesic on p and we extend
they to be tangent to M;, which imply V,e;(p) = 0.
Observe that [V,df(, ) (ei)] = [dfps(0),df(ps(€i)] = dfp ([0, e]) = dfip)(0) = 0.
This imply, in p, that
1 dgii

57(177” = <§Vdf(p,t)(ei)adf(p,t)(ei»

0 = <§df<p7;) (e,‘)v7 df(p,t) (€i>>
=

=0 t=0

= ei(<V7 €i>) - <V7vdf(p,[)(e[)df(p,t) (€i>>

1=0
=¢;((V,e))) — (V,B(ei,ei)) — (V,Ve;)
=e;((V,ei)) — (V,B(ei,ei)).
From Lemma 1.3,

Observing that

gis(0) = dfi(ei).dfi(e), 8(e) = det(gij(0)), df = (dfi(er) - dfi(en)
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and using Lemma 1.2, we find det(df;) = /g(¢). From this and from (1.1),

_ d _ d - 1 dg
= | 4 detldf) CE | 5 Ve® = s a0

_ ldg(())woz/M(—(V,ﬁ}%—i&((%@”) .

~Ju2dr

d
EVO](M,)

Then, from Lemma 1.4 and the Stokes’ theorem we get

d n
L vol(M)| = / —vHY + Y ei(Ven)) | on = / v, H)ap+dot
dt =0 JIM i=1 M
—— [wHe+ [ a=-[ v Ho,
M oM M
where the last equality follows from the fact that a = x(V*) and V|, = 0. O

1.3.2 The Second Variational Formula for the functional area.

Theorem 1.7. Suppose H =0 on M and V = d,f = uv where u is a function with compact

support on M, then

2

d
WVO](M;)

= —/M(AMM—|—|A\2u+RicNu)ua)0,
t=0

where Ay, is the Beltrami-Laplace operator and Ricy is the Ricci curvature of N in the direction

V.

Proof. Let p € M and consider {¢;};_; alocal frame on a neighborhood of p, orthonormal on
M and geodesic in p. Assume that {¢;}!_, is transportated by df; and define g;; := (e;,¢;), in

particular, [V,e;] = 0.
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From the First Variational Formula for the functional area,
d* d doy
Cvoim)| =-([| SwH v H)
dtZVO ( l) -0 (/]W dt< ) > t:Oa)()+< ’ > dl t:())
d
- [ LwH
/M SV H) >
=—/ Ly, g V,e))|
mdt’ “ =0
d V, gV +(V d( Vee)
=— — e — e
Mdt;:()jg e;€j ) o ,dl‘g e,Jt:OwO
dg'i d _
( M dt z—0< i) hrs < dt t=0 e,e]>(00)
( dg’ <VV >a)0+ "f<v§ v >a)0)
- y Ve €j ) €
" dt o ei€j 8 VVe€j
Observing that g;; = 0; j» we have,int =0 and in p
dg _ dgij _
o a4 —V((eie;))
= —<vvei,€j> — <€,‘,vvej> = —<V€iV, ej) — <€,’,§ejv>
= — (Vi) = (V.Vaep)) = (es(tenV)) = (VesenV))
= — (etwv,e) = (vV.Vuey)) = (es({eruv)) = (Veser, V)
= (V,Vegej) + (Ve,ei,V)
= (V. B(ei,e;)) + (B(ej; i), V) =2(B(eise;), V),
where the penultimate equality is true because {e;}"_; is geodesic in p. Thus,
dg' = < 2 21412
- <V,Veiej>a)o =2 Y (Bleie)), V)2 = 22 |APay (1.2)
t=0 i,j=1
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Recalling that [V, e;] = 0 and considering,

<V7vvveiei> = <V7ve,-vvei> _RN(ei7V7 ei7V)
=¢;({(V,Vye;)) — (V,,V,Vye;) +Rn(e;,V,V,e;)

=ei((V,VeV)) — |V, V> +Ry(ei,V,V,e)
In the case that codimension is 1 with V = uv,
Vo, VI? = lei(u) v +uV,,v|* = ej(u)* + u? |V, v|>.
Taking the sum on i,

n n
VeV P = Vul +u? Y (Vev,e) = [Vul +u® Y Blejei) = |Vul® +u’|AP,
1 i.j=1 i,j=1

ngE

~.

while

ei((V,VeV)) = ei((uv,ei(u)v +uV,,v)) = e;(ue(u)) = ej(u)? + ue;(ei(u)),

Y. (V. VeV)) = ¥ eieu)) +ex(w) = Y ulen(es(u)) — (Ver)u) )’ = gt V.

n
y <V,VVVe,el> - Z (V. Vo V)) = [V V> + Ry(ei V.V, e:)

N

= (uApu+ |Vu|?) — (|Vu* + u?|A]?) + Z (e;,V,V,e;)

n
= uAyu+ ZI_QN(ei,uv,MWei) —u?|A)?
i=1

= uApu+ u’Ricy —u?|A|?,
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i.e.,

n
<V, Vvveiei> — uhyu+ i*Ricy — u?|A[%. (1.3)

i=1

Substituting (1.2) and (1.3) in the second derivative of vol(M;) in ¢t =0,

d2
£ vol(M)|  =- / (Awrit + |APu + uRicy )uay,.
dr =0 M
O
2
Definition 1.10. A hypersurface is stable if it is a local minimum of vol(M;), i.e., WVO](M;)
=0

0.

Corollary 1.2. Let M be a hypersuperface without boundary. M is stable if and only if
| (4P +Rieyyan < [ |VuPan.
M M

Proof. From the previous theorem, the definition of stability and the Green’s identities over

Riemannian manifolds,

2

d
WVOl(Mt)

>0 <= —/ (Aput+ |A*u+ uRicy)uawp > 0
=0 M
= /(AMM+|A|2u+uRiCN)ua)0§O
M
= /(|A|2u+uRicN)u(oo§/ —uApumy
M M

— /(|A|2+RicN)u2(uo§/ Vo,
M M

1.4 Mean Curvature Flow

Definition 1.11. Let M be a smooth Riemannian hypersurface without boundary of R"*!

endowed with a Riemannian metric. The mean curvature flow of M in R"*! is a family of
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immersions F : M x [0,T) — R""! which satisfies

Lo =nip)

F(M,0) =M,

where H(-,1) = H(-,7)v(-,t) denotes the mean curvature vector field of F(-,7) C R"*! for each

t €10,T) and v(-,7) is the unit normal to F(-,¢) pointing inward.

Results regarding the existence of solutions of equation %—f( p,t) = H(p,t) for a short time
are well known (see for example Theorem 3.1 in [20]). It may ocurrs that mean curvature flow
becomes singular at some time 7. The study of singularities constitutes an important research
branch in mean curvature flow. When the flow develops a singularity in a time 7 such that the

norm of the second fundamental form has the growth rate

Co
Alp,t)|> < =2
max Al < 575

, V1 €10,T), Co >0

we say that the singularity is a Type I singularity. Otherwise, the singularity is called Type II
singularity. Both Type I and Type II singularities are related to solutions of the mean curvature
flow called, self-similar solutions. Among such solutions we have the self-shrinkers, self-
expanders and the translating solitons. Type I singularities are close related to self-shirinkers,
as we can see in Huisken [19], whereas a relation between translating solitons and Type
IT singularity was obtained by Huisken and Sinestrari [21] (see also Corollary 9.4 in [28]).
Roughly speaking, a self-similar solution of the mean curvature flow is a solutions that preserve

its shape along the flow, as we can see below in the description of self-shrinkers, self-expanders

and the translating solitons.

Definition 1.12. Let M_; C R"*! be a Riemannian hypersurface evolving by mean curvature

such that the evolved hypersurfaces are

M, :=+/—tM_y, t € [—1,0).

M_ is said a self-shrinker.
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1
Proposition 1.5. A self-shrinker M_; satisfies Hy | (x) = —§<x, v), where Hy, | is the mean

curvature, x € M_ and V is the unit normal.

Proof. Let {e;}"_; be an orthonormal frame at x € M_;. If F(x,t) = +/—tx flow by mean
curvature, then

N 5
gij(x,1) = (V—tei,V/—tej) = —18;; = ¢ (x,1) = -2,

t

n N 2
i) = 3 &) (G v(e) )

ij=1

B n _ﬁ — aZF L L
B Z t <\/_t8xi8xj( 1)V, 1)>

and
! H =H
Wl | (X) = H, (x,1)

= <%—I;(x,t),v(x,t)>

= <% (V—tx) ,v(x,—1)>

B 1

= —2—\/_—I<X,V>
Thus,

Hy ,(x) = —5(x,v)

]

Definition 1.13. Let M; C R"*! be a Riemannian hypersurface evolving by mean curvature

such that the evolved hypersurfaces are
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=VIMy, t € [1,+0).
M is said a self-expander.

1
Proposition 1.6. A self-expander M; satisfies Hy, (x) = §<x, v), where Hy, is the mean

curvature, x € M; and Vv is the unit normal.

Proof. Let {e;}"_, be an orthonormal frame at x € M;. If F(x,t) = /tx flow by mean curvature,
then
gij(x,1) = (Ve Viej) = 18; = g" (x,1) = =2

J*F

Hy (x, X X, 1), v(x,

) = ) Grgeen. vien)
= Y 6” O°F x, 1), v(x,1
Y <fax,a (v 1)) )
_%HMl(x)v

v(x,t) =v(x,1)

and

Thus,
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Definition 1.14. Let My C R"™! be a Riemannian hypersurface evolving by mean curvature

such that the evolved hypersurfaces are
M; = My+1T, t € [0,+00)

for some T € R"™!. My is said a translating soliton.

Proposition 1.7. A translating soliton My satisfies H = (T, V), where H is the mean curvature,

X € My and v is the unit normal.

Proof. If F(x,t) = F(x,0)+tT flow by mean curvature, then

£ (5atenvin)
<82F (x(D>

HMO(X,O).

HMXZ‘

t

||M= HM:

and

Hpy,(x,0) = Hpy, (x,1)
oF

= <E(x,t),v(x,t)>

:<%u+ﬂmv@g>

= (T,v).



Chapter 2

Conformal solitons and submanifolds

Let M be a smooth n-dimensional manifold without boundary and (N, g) a smooth n + p-
dimensional Riemannian manifold. We are interesting in understand special solutions for the

mean curvature flow, i.e., a family of immersions F : M x [0,T) — N satisfying

Lo =nip)
F(M,0) =M,

where H(+,7) denotes the mean curvature vector field of F(-,¢) foreacht € [0,T).
This class of solutions was studied previously by Smoczyk in [30] and can be defined as
follows: given a conformal vector field X, M is a conformal soliton to the mean curvature flow

if M satisfies the following equation
H=X", 2.1)

where H denotes the mean curvature vector of M and | denotes the projection on the normal
bundle. Recall that a vector field X is conformal if in local coordinate, V iXi+ V.X ;=2Ag,j for
some smooth function A. Following the paper by Smoczyk, we consider the special conformal

vector fields X which satisfy

V,X; = ViX;
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or, in other words,
?le' = Agij (22)

for some smooth function A and where V denotes the Levi-Civita connection on N.

As we will see in the next chapter (Proposition 3.2), this particular class of conformal
solitons generalizes a class of solutions of the mean curvature flow, namely, the self-similar
solutions. This fact is one of the motivations for studying the conformal solitons to the mean
curvature flow. This chapter is dedicated to obtain some correspondences for conformal solitons
and minimal submanifolds in a warped product Riemannian manifold as well as a notion of

stability for conformal solitons in higher codimensions.

2.1 Warped product metric.

Let (N,g) be a Riemannian manifold and f : N — R a smooth function. The warped

product metric § on N = R x N is defined by
g(s,x) = A0 as? + g(x), (2.3)
where x € N and ds? is the standard metric on R. The projection

T:N—N

(5,%) — m(s,x) :=x

is a Riemannian submersion 7 : (N,g) — (N, g) with fibers 77! (x) =: [x] = R x {x}.
Consider now M" C N"*? a Riemannian submanifold. Denote by M a submanifold on

N given by M = R x M the submanifold associated to M. Let {e1,-+ ,€u, Vut1, ", Vnip} be

such that {ej,--- ,e,} are in the tangent bundle of M and {V, 11, -, Vs, } are in the normal

bundle of M. Throughout this dissertation, we are going to assume the following convention:

e 1<i,j,--<nn+1<apf, - -<n+p, 0<ab, - <m
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* 1<AB,--<n+p, 0<AB,---<n+p.

Defining

s ) s N

€o 2:$:(1,0), e = (0,6,‘), Vo = (O,Va), (2.4)
we see that {&,é;,---,€&,} spans the tangent space of M and {V,,--- ,Vatp} spans the

normal space of M at every point of M. By the choice of the warped product metric (2.3),
g(éo,e0) = > Thus, {e*f(x)éo,él v+ +&ny Vut 1, , Vppp 18 an orthonormal frame of N.
From now on, I, f‘, [ and T are going to denote the Christoffel symbols on N, N, M and M,

respectively. The Levi-Civita connection and the Laplacian operator on N will be denoted by V

and A.

Proposition 2.1. The mean curvature vector Hy of [x] in N at (s,x) is given by (0, -V f(x)).

Furthermore,
. 0 AR e 0
(813) = , (&)= E (2.5)
0 gas 0 g

~A _ ~ ~A ~0 ~0 af ~A af
I'gc = rgo Ipe=Tpy=1pn=0, Ip= xB’ Lo = —ezngDﬁ- (2.6)
Rapcp = Rasep, (2.7)
Roapc =0, (2.8)
Roaop = €/ <vAva +VafVsf ) : (2.9)

The Ricci curvature tensor is given by

) _¢ (Zf+ nyz) 0

(Riz) = o (2.10)
0 Rap—VaVBf—VafVaf
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Proof. By (2.3), we compute the entries of (gz53).

)
e ifA=B=0

45 =85,65) =]0,ifA=0and B#0OorA#0andB=0

g(ea,ep), if A#0and B#0
(

We also compute the entries of (g'7).

n+p _
a) 1=Y 518" = §00g" = ¢*/ g%, which implies g% = ¢~/
A"_
n—+p
b) 0= Z gOBg = goog = er 304 for A = 0, which implies g = 0. Thus, gAO =0by
B=0

the symmetry of the metric g.

n+p 5 n+p
©) 8y =Y 8.08" = Y gacg“® for A # 0 and B # 0, which implies g% = g
C=0 c=1

We obtain the relations for the Christoffel symbols in (N, §) analyzing each case.

1. Case 1 <A,B,C <n+p:

=A 1" (98pe | 98ps  98se -pi
FC_§Z<axB+axc 8x[))

dgpc | dgpB  98BC\ pA =
D=1 (axB + aXC axD g —r‘?;c,

where the second equality was obtained by the computations of the entries of the matrix

(&4) did previously.

2. Case A=0,B#0,C#00rA#0,B#0,C=00rA=B=C=0:

.
&

| =

URM‘I’

98pc | 98ps  98pc\ A
<8x~ * dxs  Ixp &

(a) Subcase A =0, B #0, C £ 0:
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(b)

(©

3. A

foreach D € {1,--- ,n+ p} and

9gpc , 98ps _ I8sc _ |,
Ixg Ix¢ IxXp
for D = 0 by (2.5).
Subcase A=B=C=0:
& =8pc=8pp=83c =0

foreach D € {1,--- ,n+ p} by (2.5) and

Igpc  9qpp  98pc  9(e) d(e) d(eM)

ds s

ds =0

dxg Oxg Ixp

for D = 0 by (2.5) and from the fact that f is not defined on N, but it is defined on
N.

=A
In any of these subcases, I'z= = 0.

Subcase A #£ 0, B #0,C =0:

B R R L AW
se = 2 oxs ox &
D=0 B (&
but
DA

foreach D € {1,--- ,n+ p} by (2.5) and

d(e*))
ds

9pc
5x1;

98pp _

= 0.
8xc~

d(e*))
+ ds

for D = 0 by (2.5) and from the fact that f is not defined on N, but it is defined on

=A
N. Thus, I'ge = 0 also in this subcase.

C=0,B+#0:
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By (2.5), 24 = 0 foreach D € {1,--- ,n+ p} and g5 = gz¢ = O for D = 0. Thus,

" (08pe +9§m§ 98sc\ DA 1ag00g00 V(9 or\ ,~2r_ 9
dxg x¢ Ixp 2 dxp 2 8 X5 axB

By (2.5), & P2 — 0 for D =0and g ép5=8&pc=0foreach D € {1,--- ,n+ p}. Thus,

I%A A\ (98pc | 98ps  9Esc )\ -pi
C72 ox5 + 0xx 0x7
Heo B ¢ D
1 ach ~DA 8gOO ~DA
P s Z N

HEELe
25:1 Ixp

__2f gD —
¢ Z 8x~ Z 8xD

=A

Rewriting in the Einstein’s sum convention, we obtain the expression desired for I'y.
We obtain relations for the curvature tensor analyzing each case, considering the definition
of the Riemannian tensor curvature in the beginning of the section 1.2 and keeping in mind the

local expressions of the connection and the Lie Brackets (see Proposition 1.2 for a reference).

1.A#0,B#0,C#0:
Since the Levi-Civita connection with respect to the orthonormal basis {e;}_, depends

A
only of the Christoffel symbols and I'zx = r‘gc, we have that Levi-Civita connection on

N and on N coincide. Furthermore,

Rapcp = g <§~A%35c —VeyVe,éc —v[EA,eB]éc,ép)
o 0 0

- <V~ Vs eC—V~ VéAeC_V[EAﬁB]eC 0)
0 gap/ \ep
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o o 0
- (V2. Ve, ~ Ve, Vas2c — Vig, ey 0) o)
8AB)€D
_ _ 0
- <V~AV~B (07 eC) VEBVEA (07€C) - V[EA ép] (0,€C) 0) (g )e
AB)€D
L L _ 0
= (Vm@nvmwwc—V%wmvmqwc—VWammwmwc‘ﬁ (eas)en
o _ _ 0
= <O VeAVeBeC_VeBVeAeC _V[eA,eB]eC> ( )
8AB)€D

= <VeAVeBeC_§ereAeC —V[€A763}ec) (gAB)eD

= g (veAVeBec—VeBVeAeC—§[EA7eB]eC,eD)

= Ragcp,

where the fifth and sixth equalities are true by the local representations of the connection

and of the Lie bracket.

2. A=0,B#0,C+#0,D#0:

Observe that %B éc and é¢ do not depend of s, furthermore, [e_f éo,ep] = 0 by its local

representation, therefore V- fayVeec — VepVers,C — V[e, féo,e5)éc = 0. From this, we

have

3.A=C=0,B#0,D+£0:

Considering geodesic normal coordinates at a point of N and the Christoffel symbols

computed previously, we get
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~K
éo+Tpofk) — VegrooeL FOOVEBeLveD

i )
i)

=~ ~0 ~K =
=8 Ve*fe”o (FBoe_féO +I'pok) — Ve FOOeL FOOFBL€P7 ep

=D =L =D

= ~K =~
= g Ve,féo (FBOeifé() +FBOéK) V eD FoorBLeD,eD

N———

(= —fa =K _ = =D =L =D
=g Vefféo(FBoe e0+FBOeK) \F F 0€D — FOOFBLeDv D
( Ny
(= =0 —fx =K _ = =D =0 =D
=g Vefféo(rBOe . eO+FBOeK) —V F €D FoorBOeD FoorBLeD,eD
= =0 —fs =0 = —fs = =K =K =~ 5
VeraLpoe ' €0+ TgVers (€7 €0) + Vo rs Lok +1TpoVere,x
~ ~D o
_VéBFOOeDa €D>
(=0 = —fa = =D
=8 1ﬁ).fsov.e—feo(“f e0) — VeyL'poép, ép
(=0 ~p B = =D
=& | I'pol'ooép — Vesloop,ep
~0 =D =~ =D
BOFOO - V5131_‘00
= ver(_ezjc?eDf) _653(_62](?6&]“)
= ver(_ezfveDf‘) + ezfzvégfvEDf—i_ ervEBVeDf
- ver(_erveD‘f) + e2f2§63fvepf+ erveBVEDf

= (Ve Ve f +Verf Ve )

=D
where I'p; in the seventh equality vanishes by 2.6 and because we are considering

geodesic normal coordinates at a point of N.

Now we compute the Ricci tensor curvature.

Roo = §"BRy05 = —8Be¥ (ViVaf +VifVif) = - (Af + V£
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R,z = 0 is obtained similarly.
Finally, we compute the mean curvature vector of the fiber [x]. Considering (2.4), the
orthonormal frame of NV in the beginning of this section and the computation of the Christoffel

symbols done previously,

n+p . noo.
H[X] - Z <Ve feo (e f50)7va>va + Z(Ve feO (eifeo)aé»él
(X:n-H [:1
n+p  _ noo.
=e | Y (Vayle720),Va)Va+ Y (Vay (e 7). 8)e
oa=n+1 i=1
rH—p = = n =~ =~
=e/ Z <e_f <_Vé‘ofe~0 + VE()éO) ) \~’a> Vo + Z <e_f (—Vgoféo + Vgoé()) ,§i> é;
o=n+1 i=1
n+p . no, .
—e % Z <Veoe0,va>\7a+z <VeOeo,e,>e,
a=n+1 i=1
ntp ~0 no~j
== €_2f Z roo\?a + Z Fooéi
a=n+1 i=1
i 9 " 9
—e % ) (—ezf—f) Va+ ), (—ezf—f) é;
o=n+1 dxq i=1 ox;
n+p a n a .
=Y (o,_g_fva> +Y (o,_a_fe,-) = (0,—V).
o=n+1 Xa i=1 Xi

Lemma 2.1. The mean curvature vector Hy; of M on N at (s,x) is given by

H,; (s,x) = (0,Huy(x)) —I-H[i],
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where Hys(x) denotes the mean curvature of M on N at x and L denotes the projection on the

normal bundle of M on N.

Proof. By the definition of the mean curvature vector and our choice of frame,

n+p n+p n

Hy(s.x)= Y (Vess(e7e0),Va)Vat+ Y, YA Viéi, Vo) Va, 2.11)
o=n+1 a=n+1i=1
n+p n
= ) Z (Veei, va) Vv (2.12)
o=n+1i=
n+p  _

H[x} - Z <Ve*fé'0 (eiféo)7 f/a> f/a + Z <$€7fé() (ei.fé0)7 él>él (2' 13)
oa=n+1 i=1

By (2.3), (2.4), the local expression of the connection in local coordinates and the Christoffel

symbols computed previously,

n+p n
HM( ) H[x] :aZ—HZ V e“va

n+p n

=Yy Z (0,Vei), (0,va))(0,Vg)
a=n+li=
n+p n

= Z Z( e,ehv(x > (O HM( ))
a=n+1i=

As a direct consequence, we have

Corollary 2.1. The mean curvature vector of M at (s,x) is given by

Hy; (s,x) = (0,Hy (x) — (V£)7D).

Proof. By Proposition 2.1, we have

Hy;(s,%) = (0,Hy (x)) + Hiy = (0,Hp(x)) + (0, (=Vf)1).
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Now, we are able to prove a correspondence between conformal solitons and minimal

submanifolds, first proved by Smoczyk for hypersurfaces.

Theorem 2.1. Assume that X is a conformal vector field on a simply connected Riemannian
manifold (N"7,g) satisfying (2.2). Then there exists a warped product metric § on N =
R x N"*? such that a submanifold M" C N"*7 satisfies the soliton equation (2.1) if and only if
the associated submanifold M = R x M" C N is a minimal submanifold in (N, g).
n
Proof. Let ® = ZX,-dx’ be a 1-form dual to the vector X defined on N. From the hypothesis
=1

1=

done in the beginning of this chapter, V iXi = VX j foreach i, j = 1,---n. This hypothesis, the

symmetry of the connection V and as it was seen in the proof of the Proposition 1.1 provide

?le’ = ?in <= (Vajw)(ai) = (Vaiw)(aj>
= g0~ 007500 = $(@(0) ~0(Vad)

- 5-(0(0)~0(75,2, = Va2)) = 3-(@(0))

— &ix](w@’)) —0([0),d]]) = 8%,((0@))

0 0

N 52 (000)) = 5 (0(2)

)

= (9_xj - 8_x,

Thus,

QL

e

I

Q
.M= <N
TP

2

>y
N—

" JX; . .
= Z Ldx' Adx’
i=1j=1 an
X, 0X; . ,
= ( - ])dx’/\dxfzo.
1<i<j<n dxj  OJx;

Since o is defined on a simply connected Riemannian manifold N and dw = 0, it follows

from the Theorem 1.5 the existence of a smooth map f : N — R such that ® = df. By the
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duality between vector fields and 1-forms, X = Vf. Defining a warped metric by g(s,x) =

7™ ds? 4 g(x), the result follows from the previous corollary.

2.2 Minimality and stability in arbitrary codimension

Lemma 2.2. The following equality holds on a hypersurface M C N:
Aa|? + Ric(Va, Vo)) = |Aa|* + Ric(Va, Va) — Vg Vug f-
Proof. Recalling that Vo = (0, V), (2.10) implies
1/3\1./0(170:,1705) = Ric(Va, Vo) — Vvg Vo f — <Voc7vf>2a

foreach ¢ € {n+1,--- ,n+ p} and where (-, -) is the inner product on TN. The squared norm
of the second fundamental form of N with respect to the normal Vg is
|Aoc|2 - gPQ(éST}nggilgf
= g0 hgshdy + 88" hoohoo
= [Aa?+ () (™) (Va0 Va) ) ((Veoo, Var) )

(Ve sep(e720). Vo) ) (Ve 1y (e 20), 7))

Combining this identity and the previous identity, we proved the lemma. ]

Definition 2.1. If M is the submanifold associated to M, then we call a deformation of M

symmetric, if it is constant along the fiber directions [x], i.e., Wj_ fEOS]z = 0. A minimal
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submanifold M in N that is associated to a submanifold M C N is called symmetric stable if

n ~ ~ n ~ - ~ o
/[ } (Z (VeS,8)) + (Vors,Sie Te0)> + Y R(2:,8,8,¢ (eféo,S,S,eféo)> dii
i=1

for each S € [0 sym(V([0,1] x M)) := {S eT(v([0,1] x M)) ; S(s,x) = S(0,x) forall s €
[0,1] and S(x) := S(0,x) is a compactly supported smooth normal vector field on M in N}.
['(v([0,1] x M)) is the normal bundle of [0,1] x M in N.

In the next lemma, we consider the following set of functions:
Cosym ([0, 1] x M) := {di ; i(s,x) = i(0,x) for all s € [0, 1] and u(x) := #(0,x) € C7(M)}.

Lemma 2.3. Assume that X is a conformal vector field satisfying (2.2) on a Riemannian
manifold simply connected (N, g). Further assume that M C N is a hypersurface that solves the
soliton equation (2.1). Then there exists a smooth function on N with V£ = X (unique up to
adding a constant) such that the associated minimal hypersurface M C (N, eHds? + g) is stable

under symmetric deformations if and only if

/(|A[2+Ric(v,v)—l)u2e-fd/.tg/ Vul2e! du
M M

for each test function u € C;°(M).

Proof. From the Theorem 2.1, there exists a smooth function on N with V£ = X and it is clear
that such f is unique up to adding a constant because if f; and f, are two functions with the
same property and such that f; — f» is a constant, then V f; = V f, = X. A hypersurface M C N

is symmetric stable if and only if

| AP+ Rie@.V) ~ Mid(sx) < [ |VaPd(s.
[0,1]xM [0,1]xM

for each ii € (', ([0, 1] x M).
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Recalling that Vf = X, the proof of the Proposition 1.1 and considering an orthonormal

n+p

frame {eq } 01

VpXa = (Vey0)(ea)

d
= @(w(ea)) — 0(Vegeq)

d

= %(8()(7304))

d

= E(g(ny eq))

d

= @(Vaf)

= Vﬁvaf

This and hypothesis (2.2) done in the beginning of this chapter give V,\V, f = Ag(v,v) = 1.

Therefore the previous lemma implies

[ AR+ Rie(w )~ (Valdf(s.0) = [ AR+ Ric(v.v) - A)iR — (Vi)
[0,1]xM [0,1]xM

= [071]XM(1A\2+Ric(v,v)—A)az—\vzzyzdg(s,x),
where the last equality follows from the fact that the connection V on M is induced by the
connection V on M.
Defining i := u with u € (5 ,,,,(M) and observing that dfi = ds+/detg = dse’ \/detg =
dse’d U by (2.5), we obtain the result.
[

The following lemma is necessary to prove the next lemma.
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Lemma 2.4.
n = ~ = ~ n ~ ~ ~ ~ ~
Y (VeS,8)* +(V,155.¢ T ZR (@.8,8,8) +R(e 12),8,8,¢ /&)
ij=1 =
n n n+p o
=Y (V.S,e)*+ Y R(ei,S.S,er) — Y S*SPV,Vpf,

where § = §%V4 = (0,5%v4) = (0,8).

Proof. For each 1 <i,j < n, we have by (2.6) that

~ n+p  _ n—+p
(VeS,e)) =Y, (Va($%0a),6)= ) $* (V; Va,é))
a=n+1 a=n+1
n+p ;a n+p —a n+p
= Y s*-T)= Y S¥-T;j)= Y S%Veva,e;)=(VeS,e)).
a=n+1 a=n+1 a=n+1
We also have
n+p n—+p
<V e SieTeg) =Y s Veova,eo>—e N SR,
o=n+1 a=n+1

where fzg‘o is the second fundamental form of M in N. Using (2.7) and (2.9), we have, for each

1 <i<n,
X~ a ntp . n+p ~
R@.8.8.e)= Y S"SPR@.Va,Vg,86)= Y, S*SPRip
a*ﬁ:n+l a,ﬁ:n+1
n+p n+p
= Z SaSﬁRiaﬁi = Z SaSﬁR(ei,Va,Vﬁ,ei> =R(¢;,S,S,¢))
o,B=n+1 o,B=n+1
and
- - . n+p N n+p ~
R(e720,8,8,ea)= Y e s%PRygpo=— Y e S SPRynop
a.,ﬁ:}’l—‘—l (X,B:l’l—‘-l
n+p

—— ) sesh (vavﬁfﬁaﬁﬁf).
o,f=n+1
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Thus,

R(&:,8,8,8)+R(e 1&y,8,8,e7 /&) (2.14)

-

(Vi8,6)2+(V, e Sie T E) +
1

1

. n n+p o n+p 5 2
= (VeS,e;)* + Y R(e;,S,S,e)— Y SaSﬁVaVBf+e_4f( Y S“h8‘0>
i=1 o,B=n+1 o=n+1
n+p o
— Y S*SPVafVgrf.
o,B=n+1

Now, we compute the last two terms. As f is independent of s, remains, by (2.13), that

n+p
Hy=- ) e 2fh00"a+z V ~15,(€ (e ey),é1)e;,
oa=n+1 i=1
then
B n+p 5
<HM,S> :_efo Z Sahgo.
o=n+1
On the other hand,
~ _ n+p
(Hyy,S) = ((0,-V/),(0,8)) = ~(Vf.8)=— } S$*Vaf.
oa=n-+1

These two equalities provide

n+p o ntp 2 ntpo ?
Y SeSPVfVer=| Y S%Vuf| =¥ Y s | .

o, f=n+1 o=n+1 o=n+1
Substituting this last equality in (2.14), we have the result. ]

Lemma 2.5. Assume that X is a conformal vector field on a simply connected Riemannian
manifold (N, g) such that V;X; = Ag;; for a smooth function A. Further, assume that M C N
is a submanifold which satisfies H = XL, then there exists a smooth function on N with
Vf =X, which is unique up to adding constant, such that the associated minimal submanifold

M c (N,e* ds* + g) is stable under symmetric deformations if and only if
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n n

/ Y (VeS,e;)*+R(e;,S,S,e) —AIS|* | e/du < / Y IV.SPPe/au (2.15)
M\ ;=1 M =]

for every normal vector field S with compact support on M, where V+ is the induced normal

connection on the normal bundle of M.

Proof. By the Theorem 2.1, there exists a smooth function on N with V f =X and it is clear that
such f is unique up to adding a constant because if f; and f> are two functions with the same
property, then V(f; — f») = Vfi — V> = X — X = 0, which implies that f; — f> is a constant.
By the warped product metric (2.3) which we defined, it remains that dfi(s,x) = ¢/ ™ dsdu (x).
Arguing analogously the Lemma 2.3, §a§ﬁ [ = Agqp, therefore

n+p o n+p
Y s9PVLVef= Y 5%SPAges=AlSP
o, B=n+1 o, B=n+1

L

As S independent of s, 66_ fEOS = 0. Now, observe that is suficient prove that WELIS]Z = |VjiS]2

for each 1 <i < n. Indeed, if this holds, then the beginning of the demonstration, the previous

Lemma and the definition (2.1) imply that

/ ( Z (VeS,ej) + ZR(e,',S,S,e,') —7L|S]2> eldu
M

ij=1 i=1

n n

= Y (VeS,e;)*+ Y R(ei,S.S,e) —7L|S|2> el dsdu
0,1]xM \ ;=1 i=1

= Z <veis,€j>2+ZR(6i7S7S7ei)_)L|S|2> dna

[O,l]XM i7 P i=1

j=1
no_ n n+p o
/ Y (VeS.e)2+ Y RS,eiS,e)— Y S%PV,Vsf | di
0,1]xM \ ;=1 i=1 a.B=n+1
Y (éﬁsﬁﬁz + <%e—féosae_f50>2 +) R(&.,5,8,&) +R(€_f50,S,S,€_f€~0)> dji
=1 i=1

n

SL&2 . 1oL &2 ) i

/[01]><M ZI\VEI.SI +1Vere,S| )d“
) =

[0,1]xM

IN
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1qp2
[0,1]xM (ZW S )ededu

=/ <Z|V$S|2> eldu,
M\ ;=

where the penultimate equality holds because the deformation is symmetric. This proves the
first part. By an analogous reasoning, the converse also holds, therefore the Theorem will be

proved. Thus, we will show that \VLS\Z ]VLS|2 for each 1 <i<n. By (2.6),

L 5 n+p n+p 5
ViS=Vi | Y $%a|= Y &(S*)Va+S*"V;iq

oa=n+1 o=n+1
n+p n+p -
= Y (0,e)(S*)Va+5ViVa= Y e(S*)Va+5"V; Vg
a=n+1 oa=n+1
n+p =B n+p B
-y (e,.(s“)va+s°‘r,.avﬁ> =) (ei(Sa)(O, va)+saria<o,vﬁ))
oa=n+1 o=n+1
n+p B n—+p
= (0, Y ei(S“)va+S“rfavﬁ> = (o,vji( Y S“va>>
o=n+1 o=n+1
=(0,V,S),
therefore \VLS\Z ]VLS]Z foreach 1 <i<n. O

Definition 2.2. A conformal soliton M" on N" "7 is stable if it satisfies (2.15) for any compactly

supported normal vector field S on M.

2.3 Totally geodesic submanifolds.

As observed by Arezzo and Sun, the Theorem 2.1 indicates that it is natural find for special

minimal submanifolds in V.

Proposition 2.2. Assume that X is a conformal vector field on a simply connected Riemannian

manifold (N"7, g) satisfying (2.2). Then there exists a warped product metric § on N =
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R x N"*? such that a submanifold M" C N"*7 is a totally geodesic submanifold in (N, g) if

and only if the associated submanifold M = R x M" C N is a totally geodesic submanifold in
(N, 8).
Proof. Defining § = e 2™ gg? + g with f satisfying Vf = X. We will denote by ho‘ of M in

(N,g) and hf; the second fundamental form of M in (N, g). The hypothesis that F : M — N is

an immersion and the Inverse Function Theorem allow us write M locally as

F:UCM—N

x+— F(x),
then M is given by

F:RxU—N

(5,x) = (s,F(x)).

By the Gauss’ equation,

9*’FA L OFA _u JOFPIFE B
Sxaw T ase FToE g 5 = HvE 2.16)
and
2FA _ OFY <A OFPIFE 4
Sxae Lo g YI0E g g = S @17)
From the Gauss’ equation for F, we have
c 0%FA OFP 9FE
i = 8ACVf 5 +8acV§Tpe 5+ T (2.18)
From the Gauss’ equation for F, we have
.,B ¢ (92 A C_A 8FD8FE

~hey, = 83cVp 5o+ &ac Ve bE 5 5 5 (2.19)
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By the definition (2.4) of V, we have

forA > 1 and f/g =0. By (2.5), (2.6), (2.16) and the local expression of F, we have, for i,j>1,

25A D E

~B - "’C a F ~~~ _A 8F aF

i = 83V Gig * GCVBTOE G G
82FA aFD aFE B

1.e.,

W= 1<ij<nn+1<B<n+p.

Similarly, we have, for j > 1,

2 A i D E i ioE
2B . ¢dF . e=A JFPIFT  _s=A JFF
o; = 83¢VB 5o t8acVsIpEg g = acVplor 5 =0

1.e.,
Egj:O,lgjgn,n+1§[3§n+p.

Finally, we have

¢ 02 FA =i JFP OFF =A
hgo = gACVB 952 +gACngDE 35 95 gACVgr()()
= _gACVﬁezngB = —¢? VB a—;; = _e2f<§f, vﬁ%

i.e.,

]:lgO:er<vf7v/3>7 n+1 SB Sn+p

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)



2.3 Totally geodesic submanifolds. 45

If M is totally geodesic in (N ,&), then the second fundamental form of M vanishes, i.e.,
ﬁg. =0forl1 <ij<nmandn+1 < <n+ p. From this and (2.22), follows that the second
fundamental form of M vanishes, which implies that M is totally geodesic in (N, g).

If M is totally geodesic in (N, g), then the second fundamental form of M vanishes and,
consequentely, M is a minimal submanifold. Thus, follows from the equation for the conformal
soliton that X~ = H = 0. As seen in the proof of the Theorem 2.1, it must exists a potential

function f so that X = V£, therefore (V) = 0 and, by (2.24),
WP =X (Vfvg) =0, n+1<B <
00 — 7[3)— ,nt1 < <n+p.

This, (2.22) and (2.23), imply that the second fundamental form of M vanishes, therefore M is
totally geodesic in (N, ). O

Corollary 2.2. A conformal soliton M in (R"7, §) satisfying (2.2) is a linear subspace if and

RI’H‘[H—I =

only if its associated submanifold M is totally geodesic in ( ,8).

Proof. The previous Theorem combined with the Theorem 1.1 and the observation (1.3) gives

the result. OJ

Remark 2.1. Roughly speaking, a linear subspace in the corollary is understood as a linear
subspace, its translation or a submanifold which is a linear subspace or its translation in each

connected component of the submanifold.



Chapter 3

Variational principle applied to conformal

solitons

The first and second variation’s formulas of a weighted functional are computed to show
that the conformal solitons to the mean curvature flow are the only critical points for such
functional. The second variation’s formula of the weighted functional gives a stability notion
for conformal solitons, which coincides with the stability derived in the previous chapter. Also,
we present some examples of hypersurfaces and submanifolds which are stable and a proof that
conformal solitons are related with singularities of the mean curvature flow. Finally, we present
a proof that compact self-shrinkers in R""! are non stable as well as a proof that "grim reaper"

in R? and the " grim reaper” cylinder in R™*! are stable.

3.1 A variational principle

Suppose that X is an arbitrary conformal vector field on a simply connected Riemannian
manifold (N"*7, g) such that V;X; = Ag;; for a smooth function A, then there exists a smooth
function f on N such that Vf = X as we did see. Define the weighted volume functional G on

a submanifold M of N by
G():= [ eldp,
M
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where d i is the volume element induced on M.

Let F : M x (—€,€) —> N be a variation with compact support, that is, F = Id outside of

some compact set and F(x,0) = x.

Let F; restrict to M be the variational vector field. Let {x;}}"_; be local coordinates on M,

then the induced metric on F (M, s) is given by

8ij(s) = 8 (Fu, ;) -
Denote by V and V the Levi-Civita’s connection of N and M, respectively. Define

) = of Y
det(gij(O)) )

The function v is well-defined and independent of the choice of the coordinate system.

Furthermore,
G) = | v(s)y/der(zy;(0))
Lemma 3.1.
div(s) — (XL —H,E)e! +divy(e/ FT).
S s=0
Proof.

v . _ _ SV detgii(s)) | 1 1 " adi(eri(s)ders
) = ) = @) el 01 2 el o A
det(g;i(s)) 1 1 oo
= (Vf,F,)e’ J el adj(gii(s))g;(s
V1Bl el T Jaetles ) 2y/aetgym) A el
_ e det(gij(s)) ef 1 1 S et(o::(s)) g (s) o (s
IR o) Vst o) 2y g ) 5 /D¢

g o r VMg (5) 1 det(8ij () v iy o/ (s
VLR e ey 2 &Y
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where adj denotes the adjoint matrix. Thus,

dv = I«
—(5) = ( (VL. F) +5 )87 (5)8i;(5) | V(). 3.1)
ds 25
where
d — _
gl]( s) = I ——(Fx, ;) = (VEFy, ;) + (Fy, VEFy;) = (Fas, Fy;) + (Fayy Fyjs)- (3.2)
. . .dv .
Fixed x € M, we can compute pointwise d—(s) and choose a coordinate system at x so
s

that {F;,(0)}}_; is an orthonormal basis of 7,M with a induced metric g(0). Using the fact that
VEFy, —vaiFS = [F}, Fy,] = 0, we have at x that

<VF FS7FX,>

M:

n n
Zg,, :Z VFFx”Fx,>:
=1 i=1

l\.)l'—‘

13 ..
5 Zglj(o)gl]
i=1

1

~.

n

<VF F* Fx,>+Z(VF FI' F.)

'M= ;

N
I
_

(F;", Vi, Fy) +divyF)

||
M:

—

i

= —(H,F,) +divy F!.

Substituting this and X = V£ on (3.1), we have

(X, Fy) — (H,F,) +divy Fl) ¢/

((XL —H,F)+ (X", F) + divMFST> of
= (Xt —H,EF)e! + (XT,F)el +divy (FT e’

n
= <XL - HﬂFS>ef+ <X7FST>ef +e/ Z<VinFsTani>
i=1
n n —
= (X' —H,F)e/ + (Vf,Fe/ +e/ Y (Vi F! F,)
i=1

n
<Vf’FXi>in7FsT> e +e Z<VinFST7FXi>

||M=
L

= (Xt —H F>ef+<
=1
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= (X" —H,F) f+ef2<x,Vf, WE, >f+efZVF '\ Fy)

i=1 i=1

(K

M=

P
P
a
KN

= (X' —H,F)e/ +

“11
\
Be>
ﬂ
~—
+
Q
e
yg
<
=
B!
ﬂ
3

N
Il
—
0

(Fu.VE, fefFT> +i

agE

= (Xt —H,Fs>ef—|—

N
I
-
-
Il
-

1=
3

s

£y
\
~

= <XL_H7EV>ef+ < ST)’in>

~
—

= (Xt —H,F,)e/ +divy(e/Fl).

O
Theorem 3.1 (First Variation Formula of the weighted volume functional).
SGFMs)| = [ (XE-HE)eld.
ds s=0 M
Proof. Observe that
d d
F(M =[ —v det(g;;(0 33
HIFOL)| = [ Tvi)| (s o) (33)
From the Lemma 3.1,
/ ,/det (g:;(0 / XL H,F)e/ +divy(e fFT)) det(g;;(0))
M ds
By the Divergence Theorem,
/ divas(e/ FT)dp = 0,
M
Thus,
d
SOFM.)| = [ (X' ~HR)edp. (3.4)
ds s=0 M
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Corollary 3.1. M is a critical point for the G-functional if and only if Xt =HonM ,l.e., Mis

a conformal soliton for the mean curvature flow with conformal vector field X.

Proof. From (3.4), it is clear that every conformal soliton M is a critical point of the G-
functional. Reciprocally, suppose that M is a critical point of the G-functional. Once that
the normal variation F is arbitrary, we can choose F such that F; = u(X" — H), where u is a
positive function with compact support on M, then M is a conformal soliton from this, (3.4)

and the hypothesis that M is a critical point of the G-functional. [

Now, suppose that M" C N"? is a conformal soliton, i.e., X+ = H. We will compute the
second variation of the G-functional for the normal variational F' of M (FST = () with compact

support.
2

As before, we will compute d—zv(s) pointwise so that, for a point x fixed, we have an
s

s=0
orthonormal coordinate system at x. Before that, we will need the following claim.

Claim 3.1.
Y (¢7)gi=-Y (g,)*
i i

Proof. We will omit the point 0 for simplicity and we will consider normal coordinates.

Observe that

(gipgpj)/ = (5;), = (g) = —8;1'
and
g;J — <Fx,‘s;ij~> + <in,ijs> = _2<A(in7ij')7EY>'
The last equality implies that (g J-) is diagonalizable. This and the first equality imply that
((g")) is diagonalizable. If D is the diagonal matrix of (g/ ;), then
n

.X_‘,l(g"j)’gﬁj =t ((G71)G)
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=u ((Q"'(~-D)Q)(Q 'DQ))
r (0~ (~D)DQ)

= ((-D)DQQ™")

= —tr (D?)

where tr denotes the trace of a matrix.

d2
We return to compute —= V(s

s=0

Lemma 3.2.

’V F‘z B<FX[7FXJ')7F:¥>2+)'<FY7F:€>

2
a’s i 1

—_

=

n J—
— Y (Rn(Fy.E; E,,F)> e/ + (divyFys + (Vf, Fys))e .

Proof. By (3.1), the previous claim and considering normal coordinates,

ds2v( ) ( VI Es Z 0)gi;( )+g"f(0)g§;(0))> v(0)

o
(5
(#

+

i,j=1 s=0

d
VIR 5 Y 200 )7:“)

7

((gij )'(0)g};(0) +g” (O)gﬁ’j(O))> v(0)

l\)l'—*

:1

(v
2
Vf.F + Zg )g:;(0 )V(O)

7J1

+
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1.e.,

= (Wf,m’—éz <g§j<0>>2+%fgié<0>> e/ (3.5)
2

1 &
From the fact that M is a conformal soliton, that 2 Y £7(0)g};(0) = —(H, Fy) + divy Fl
i=1

and that FST = 0, follows that

d2 7 / 1 d / 1 d !
2 vis)] = (<Vf,Fs> 5 Y (gij(o))2+ 5 Zgii(0)> el (3.6)
5=0 ij=1 i=1

We will compute the three terms of the right side of the equality above separately. Recalling

that V,X ;= Agij, we see that v f = VX = Ag, therefore

J— _2 J— J—

(VI F) =V f(F,F)+(Vf, Fy) = A{F, F) +(Vf, Fy). 3.7
Defining E; := Fy,(0) for each i = 1,--- ,n and considering (3.2),

g;j(o) = <FX[S7FXJ'> + <Fx;>ijS> = _2<B(Ei7Ej)7E>' (3.8)
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Recalling that {F,,(0)}"_, is an orthonormal basis of T,M with a induced metric g(0),

n

gii(0)
i=1

(2(Fys, Fr,))

I

—_

|

Il
—_

(2<inss;in> +2<in57ins>)

I

Il
—

<2<stvFval ’ in> + 2 <§FYin ) vFv in > )

I

Il
_

(%WﬁFx,Fsa Fy) +2(Vr,F, va,.Fs>>

(2(RN(Fy, F ) + 2V, Vi, ) +2(VE B Vi F))

I
™=

I
_

n

2d1VM(}7SS) + Z 2<RN(EY7FXi7EY)7in> + 2<VinF:§a VFXiFS>
i=1
n

== 2d1VM(I7SS) + Z 2 <RN(I7S7FXZ'7E);FX,'>
i=1

n __ T __ 1 ,__ T __ 1
+E2((5) 4 (908)  (78)  (75) )
i=1
n

= 2d1VM(F€Y) + Z 2<RN(FY7FX,'7FY)7FX,'>
i=1

+izn‘12 < (va,-Fs> ! , (VFXiITS>T> +2 < (VinF.JL , (vaiF:v>L>

n

= 2d1VM(E§‘S) + Z 2<RN(FS‘7in7FS‘)7FXi>
i=1

+,-_i12gii (< (Vina)T, (vaiFs)T> + < (Vina)L, (va,.Fs)L» :

where g = 1 foreach i = 1,--- ,n because {Fy,(0)}"; is an orthonormal basis of 7,M with an

induced metric g(0).

Observe that, on a normal coordinate system,

_ T n _ T n n
(VeR) =X <(VFF) ,Fx,.>Fx,. = Y (Fu.Fi))Fyy = Y. —(B(Fy.Fy,) o)y,
j=1 =1

where the last equality follows from the fact that
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Fx,~<FSan]-> =0= <sti;ij> + <F¥;ijx,~> =0
- <sti>ij> — _<F:V>ijx[>

— <stiaFXj> = _<F9?§Fx in>

— <st,~anj> - <ES‘7 <VFX F ) + <VFX Fx,) >
L
:><st1-,ij>— < S VFX X >

- <st,'aFXj> - _<Fg,B(in,ij)>.

Thus,

<(vFXiFs)T, (VFX,.FS)T> = ¥ (B(FF) B

Jj=1
which provide us

n

Y £ii(0) = 2divy (Fy) + ) 2(Rn(F, Fy, F), )
j— =1

20 (((95,5) (Fa8) )+ ((FaB) " (Fr,5) )

n n
. =1
= 2divy (Fys) + Y 2(Rn(Fy, Fi, Fy) Fi) +2 Y, (B(Fy F,) F)* + 2|V FJ?,
i=1 i,j=1

(3.9

Recalling that (3.6), (3.7), (3.8) and (3.9), we obtain, at x, that

2

%V(S> = <(vf,Fs>’ -

N —

Zn)g,j ‘15 Zg )

iy.]_
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= | A(Fy, Fy) +(Vf,Fy) = Y, (B(Fx,. Fy,), F)
i,j=1
=L ! .
+|V F* = Y (Ry(Fy, Ei)E;, Fy) +d1VMFss> el
i=1
_J_ n
= (lV F*= Y (B(Fy,Fy),F)’ +A(F, F)
ij=1
n —
Z Ry (Fy, ENEi Fy) | e + (divagFys+ (Vf, Fy) e .
O

Lemma 3.3.

/ (divasFys + (Vf, Fy)) = 0.
M

n
Proof. AsH = Z VEE;, we get
i=1

n
divyFys = Y (VEFys, Er)

= leMF — (Fy5, H).

Recalling (2.1), we get

(diviFys+ (Vf, Fy))e! = (diviF,l + (X —H, Fy;))e!

= (divyFL 4+ (X7, Fy) e’

= (divyF,l + (V£ FL))e!
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el

n n
= Z<VEFY’I;7EI>+ ZFxlv Vf7 x, >ef
f

— i(VEFmE>+<i<Vf, . Fxl,FT>
i=1 i=1

- i(?EFg,E,Hi%,df( Fy)Fy )e

— i(VE FLE +Z<E,,df >)ef

0
Lemma 3.4.
[ ivisPefan =~ [ ((58.8)+5%(Vus®, Vuuf) ) e/, (3.10)
M M
where V3;S = E;(S*)E; ® v and
n L
ALS = Z (VE (VES) ) -y (VinEiS> G.11)

i=1 i=1

is the Laplacian on a normal bundle.

Proof.

Claim 3.2.
1
(A315,5) = 5 AulSP” — VS|,
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Proof. Indeed, using geodesic normal coordinates, we get

n
AulSI* =Y Vi VE|S)?

i=

I
(Y
™= I\

Il
—_

Vi (VES,S)

VE((VES)",S)

I

Il
—_

(VE (VES)".S) + ((VES), VES)

I
™~

I
—_

<(VE,- (VeS)) 8+ (VES)" . (V68))

I

I
—_

:

[
R
o

S,S) Jrz‘(vMS)L

If we use geodesic normal coordinates and the previous claim, we obtain

(1V32S1 + (A378.5) + S (VauS*, Vi ) ) f

1

| = N | — | — | = l\)l N |

| =

(Am|SI>+ (VISP Vi f)) e

(dlv(VMlSl )+ (Vu|SI% Varf)) ef

léWE (VEISP) §VM|S| WV f,E >> f
é<vE (VEIS]*),E >+é<VEi|S|2,Ei>df(Ei)> of

é<VE (VEISP) g (Vi S E; (El.)ef>
iWE (ViISP),Ei) f+i<VE|S| E)Viel

I’
_
-
I
—_

(e/ Vi (VE|S]?),E) +

M:

I
_
-
I
—_

(Ve V]S, >>
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1 n
- E (Z{<VEi(€fin|S|2)aEi>>
1=
= Edlv(e VumlS|7).
Integrating it and using the Divergence Theorem, we get the result. ]
Theorem 3.2 (Second variation Formula of the weighted volume functional).
d2 =l -2 “ 2
_2g(F(M7S)) :/ ’V FS‘ - Z <B(inﬂFXj)’FS> +)“<FSﬂFS>
ds s=0 M ij=1
- Z<RN<a,El->E,-,a>> e du
i=1
= / (Fy,LE)e! dy,
M
where the stability operator L is defined on a normal vector field S on M by
n
LS = Ay S+ (VS X) + Y (Rn (S, Ei)Ei) = + B(S) — AS, (3.12)
i=1
and B is the Simons’ operator defined by
B n
B(S)= Y (B(EiE)),S)B(E;,E))
i,j=1
Proof. The second variation Formula of the weighted volume functional is
d? d?
M) = /M 37V detlais(0) (3.13)

Using lemmas 3.2, 3.3 and 3.4 and (3.12), we get the formula desired.
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Observe that, in local coordinates, we have

n n

Y (B(Ei,Ej),S)* = Y ((B(Ei.E}),S))((B(Ei,E)),S))
i,j=1 i,j=1
n ntp n+p
-y (< (EiEj), Y. sava>) (<B(E,~,Ej), Y Sﬁvﬁ>>
i,j=1 a=n+1 B=n+1
n n+p
= Z Z EHE ><B<Ei>Ej)aSBvﬁ>
i,j=loa,f=n+1
n n+p
=Y Y S*SP(B(E,E)),va)(B(E,E;),vp)
L,j=1la,f=n+1
n n+p n_
=Y Y sesPugnl=Y (VS
i,j=la,f=n+1 i,j=1

Based on the second variation of the G-functional, we define the stability of conformal

solitons

Definition 3.1. A conformal soliton M" on N""? it is said G-stable if for every normal vector

field S with compact support on M,

/ (Z<§eis,ej>2+ZRN(e,-,S,S,e,-)—/1|S\2> efdug/ Y IVoSPeldy (.14
M i=1 L ey

i,j=1

or, equivalently,
—/ (S,LS)edy > 0, (3.15)
M

where L is defined by (3.12).

If M is a hypersurface on N, then (3.14) is simply

/(yA|2+RicN(v,v)—,1)u2efdug/ \Vul*e’du. (3.16)
M M
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Indeed, S = uv when M is a hypersurface in N. Thus,

/ (Z ? S > +ZR (ei7S>S7ei)_2’|S|2> €fd‘u,§/ Zlvj:s|26fdu
M

i=1

i=1

n

n
u? Ve,\’ ej) +Zu2RN (ei,vv,e;) — 7Lu2> efdu §/ Z ]Veiu|2efdu
i,j=1 i=1 M-y

n n
( Z e:(uv),e;j) +ZRN e, uv,uv,e;) — 7L|uv|2> efdu S/ Z|Vé(uv)|2efd,u
—1 M=

— / (|Ay2+RicN(v,v)—/1)u2efdug/ Vul2e dy.
M M

G-stability is the same notion that was proved in the Lemma 2.3 or the inequality (2.15) for the
case of hypersurfaces.

We need the two identities below to deduce the stability’s G-operator.

Lu=Au+ (Vu,Vf) =e ' div (e/Vu)
and

Proposition 3.1. If M C N is a hypersurface, u is a C' function with compact support and v is

aC? function, then
/ u(Lv)el du = —/ (Vu, Vel du
M M

Proof. The proposition follows immediately from the Stokes” Theorem and the identity above.

]

The two identities above, the inequality (3.16) and the observation that X = V f done in
the beginning of the section 3.1 provide us the operator of stability for conformal solitons (the

stability’s G-operator)
Lu = Ayu+ (Vu, X) + |A[2u+Ric(v, v)u — Au. (3.17)

We will see some examples.
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Example 3.1 (Self-shrinkers in R"™!). Let (N,g) = (R""!,§) be the Euclidean space and

1
assume that X = —Ex, where x is the position vector on R+ , then X is a conformal vector
1 — 1 oy
field with A = —5 because V. X; = —Egi ;. The potential function is f = —‘T once that
X = V£ as we saw in the proof of the Theorem 2.1. In this case, the conformal soliton for X is

the self-shrinker for the mean curvature flow which satisfies
1)
H= —Ex . (3.18)

Observe that Ric(v,v) = 0 for the Euclidean metric, then follows from 2.3 that a self-shrinker

M" in R"! is stable if and only if

1 |2 |2
/(|A|2+—) uze_4d,u§/ Vule T dp (3.19)
M 2 M

for every test function u € C; (M). The G-functional is

|2
/ e dy (3.20)
M
for this case. The operator of stability for conformal solitons Lis

N 1 1
Lu:AMu—E(Vu,x)+|A|2u+§u. (3.21)

Example 3.2 (Self-shrinkers in R"*7). Let (N, g) = (R"*?, §) be is the Euclidean space and
1
assume that X = —Ex, where x is the position vector in R""”. Analogous to the previous

1
example, X is the conformal vector field in R"” with A = —3 and the potential function

2
f= —|XT once that X = V f as we saw in the proof of the Theorem 2.1. In this case, the

conformal soliton for the X is a self-shrinker for the mean curvature flow in R"*” satisfying
(3.18). Observe that R(e;, S, S,e;) = 0 for the Euclidean metric. In this case, the operator of

stability for conformal solitons L is

y 1 - 1
LS = Ay;S — §<Vi45,x> +A(S) +35. (3.22)
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Example 3.3 (Translating solitons in R"™!). Let (N, g) = (R, §) be the Euclidean space and
assume that X = T is a constant vector field on R , then X is a conformal vector field with
A =0 and the potential function is f = (T, x) once that X = V f as we saw in the proof of the
Theorem 2.1. The conformal soliton for X is the translating soliton for the mean curvature flow

that satisfies
H=T1" (3.23)
in this case. Suppose that the tangential part of 7" is V' so that
T =V+H. (3.24)

Observe that Ric(v, V) = 0, because the metric is Euclidean, then follows from 2.3 that a

translating soliton M" in R""! is stable if and only if

/ AP TR dy < / Vul2eT2ay (3.25)
M M

for every test function u € C;"(M).

The operator of stability for conformal solitons L is
Lu= Ay + (V,Vu) + A u. (3.26)

Example 3.4 (Self-expanders in R"*1). Let (N, g) = (R""!,§) be is the Euclidean space and

1
assume that X = —x, where x is the position vector in R 1 , then X is a conformal vector field
1 — 1 2 _
with A = > because V,X; = —5 gij- The potential function is f = % once that X =V f as

we saw in the proof of the Theorem 2.1. The conformal soliton for X is a self-shrinker for the

mean curvature flow that satisfies

H= —xt (3.27)
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in this case. Observe that Ric(v,v) = 0 for the Euclidean metric, then follows from 2.3 that a

self-shrinker M" in R"*! is stable if and only if

1 x| I
/ (|A|2+—) e Cdp < [ VuPe T ap (328)
M 2 M
for every test function u € C:°(M). The operator of stability for conformal solitons L is

- 1 1
Lu :AMu-l—E(x,Vu) +|A|2u—§u. (3.29)

3.2 On the stability of conformal solitons in R""!.

In this section, we provide a description of conformal solitons satisfying Vin = Ag;j for
some smooth function A. We saw in the previous section that the self-similar solutions and the
translating solitons are conformal solitons on an Euclidean space. We show that theses solitons
are the unique conformal solitons in R"*?”. We also consider in this section the stability of

self-shrinkers and translating solitons.

Proposition 3.2. Every conformal soliton in R"*7 satisfying V;X; = Ag;; for some smooth
function A must be a self-shrinker, self-expander or translating soliton.

n+p
Proof. Suppose that X = Z X4eu, where {ea}1<a<nyp is the canonical frame in R"™7_ then
i=1

ox4
— =A¢
9xg AB
by hypothesis which implies
XA = Axq+ Ug.

Thus, X = Ax+ u on what it = (Uy,- -, tntp) € R"7 is a fixed vector.
If A =0, then X = 1 is a fixed vector in R""”. As the conformal soliton satisfies the

equation X = H and u is fixed, the soliton must be a translating soliton.
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IfA#0,thenX=A (x + %) . The equation of the conformal soliton is

H:l(x—l—%)L.

This is an equation for a self-shrinker if A < 0 or for a self-expander if A > 0 centered in

_H 0

A

Theorem 3.3. Every compact self-shrinker M in R"*! is unstable.

Proof. We know from 3.1 that M is stable if and only if

1 |2 |2
/(\A\z—l—E) u2e4du§/ ]Vu]ze*%du
M M

for every test function u € C°(M).
Suppose by contradiction that M is stable. Observe that constant functions defined on M
are test functions on M once that M is compact, but these functions do not satisfy the inequality

above, otherwise,

1 |2 x|2
0</ (\A|2+—) uze_4du§/ Ve Fdu =0,
M 2 M

which is a contradiction, therefore M is unstable. ]

3.2.1 Stable translating solitons in R"*!

The "grim reaper” in R? is defined by

T
F:<———> R?
22)

x +— (x,—log(cosx)).

Lemma 3.5. The "grim reaper” is the only translating soliton of the mean curvature flow in R2.
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LB L3 B 0 L
8 4 8 8 8 2

- da]E

Fig. 3.1 "Grim reaper" in R2.

Proof. LetI C Rbe anopensetand f:1 — R? a curve. The curvature of the curve is

£(x)
(1+(f'(x))2)?

K(x) =

and its normal is
(—f'(x),1) .
(1+(f/(x)2)?

Thus, if such curve is a translating soliton of the mean curvature flow, then it must satisfies

/() =<mmm Pﬁ®1)>7
(14 (f'(x))?) (1 ‘

LS IOM]

where u = (uy,up) € R? is a fixed vector.

Choosing u = (1,0),
fe
L+ (f'(x))?

and integrating it, we get

arctan(f'(x)) = — f(x),

therefore

f'(x) = tan(—f(x)) = —tan(f (x)) <=

Integrating it,
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T
Apply a rotation of 2 to the graph of f, followed by the change of variables x — —x and the
fact that log(cosx) is an even function to get the "grim reaper".
The uniqueness of the "grim reaper" as a translating soliton of the mean curvature flow in

RR? follows from the Theorem of existence and uniqueness of ODEs. ]
Theorem 3.4. The "grim reaper” is a stable translating soliton in R>.

Proof. Let T = e; be the direction of the translation. Keeping in mind the example 3.3,

f(F(x))=(T,F(x)) = {(0,1), (x,—log(cosx))) = —log(cosx).

We do some computations in the sequence. The tangent vector is F, = (1,tanx), the induced

1
>— and the induced volume form is dy = ——dx.
COS“ X COSX

If v = (sinx, — cosx), then hi,, = —(Fyy, V) = ——— and |A|* = H? = (¢%hy)? = cos®x. As
COSX

metric is gy = (Fy, Fy) = 1 +tan’x =

1
observed previously, f(F(x)) = —log(cosx), i.e., e/ ") = —therefore
COSX

/ APt TN au = / cos? x)u? —— —— —/
z COSX COSX g

Observe that

du d
Vul? = 5= 2= = cosx(u (x))’,
therefore
s 1 ka
/ \Vul|?e T dy = cos?x(u (x))?— dx:/2 (' (x))2dx
_z COSX COSX _z

where the inequality follows from the Proposition 1.4. This shows (3.25), which is the stability

condition for translating solitons in R O]
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The "grim reaper" cylinder is given by

T T
FiR™ x (=2,0) — R
“\722
(X1, ,x0) = (X1, , Xp—1,Xn, —log(cosx,)).

Fig. 3.2 "Grim reaper" cylinder in R

Lemma 3.6. The "grim reaper” cylinder R"~! x I"is a translating soliton of the mean curvature

flow in R”H, where T is the "grim reaper" in R
g p

Proof. LetI CRbeanopensetand f:] — R? a curve. We will show that the parametrization

given by

F R x (—gg) Rt

(X1,~-' ,xn) — (Xl,"' ,Xn_l,xn,f(-xn))-

is a "grim reaper" cylinder which is a translating soliton. Indeed, The normal of the hypersurface

at a point x = (x,---,x,) is

X) = 0,---,0,0,— ' (x,),1).
ARTETT I o

Bl —
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We can see that

and
(| J°F
— <i<j<n-—
<8xi8xj(x)’v(x)> 0,1<i<j<n-1
PF v =0 1<i<i<n-1
8xi8xjx’ x T sis =
PE v =0 1<i<j<
8xl~8xjx’ x T asis =
azF f//(xn) . .
(x) = s l=J=n
| \ 9xi0x; (1+ (f"(xn))?)?
Recalling that fi; = — { -2 (x). v(x) "
ecalling that h;; = xdx, x),v(x) ), we ge
/!
H(X) :gnnl’lnn = — f /(Xn) A
(1+(f"(xn))?)2
Now, the proof follows from the previous lemma. ]

Next we consider the stability of the grim-reaper cylinder. The proof that this hypersurface
is a stable translating soliton (which was omitted in [2]) follows the previous results, with some

adaptations.

Theorem 3.5. The "grim reaper" cylinder R"~! x T is a stable translating soliton in R"*!,
where I is the "grim reaper" in R>.

T T
Proof. Let x = (x1,---,x,) and u € C° (]R”_l X <_§’ 5)) As u is a test function, we can
choose a (n— 1)-cube Q which size has length / depending on u such that

supp u C Q X (—g, g) . (3.30)
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We do some computations for the "grim reaper" cylinder.

(
gij(x) =0,1<i<j<nm

18ij(x) =1 1<i=j<n

gij(lx) = 1+tan2(xn) = secz(xn), i=j=n,
\

v(x) = sectx,,) (0,-+-0,0,—tan(x,), 1).
and

(<3x,8x1 > —0,1<i<j<n—1

<9i12311 > =0, I<i<j<n-—1

<8i,2£c > =0,1<i<j<n

<%<> Vo) =seela) ==

Recalling that /;; = — <m(x), v(x)>, we get
AR = (9P highy;)? = (8" hum)? = cos2(xy).
Let T = e, be the direction of the translation. Keeping in mind the example 3.3,
f(F(x))=(T,F(x)) = ((0,---,0,0,1), (x1,- - ,Xn—1,Xn, —log(cosx,))) = —log(cosx,).

Arguing similarly to the previous theorem,

]A|2u2e<T’F(X)>du = (cosz(xn)) u2< ! ) ( ! dxl"'dxn) — udxy - dx,

COS Xy, COS Xy,
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and

’Vu|2€<T’F(x)>d“ — nzl _au 2+ COS(X ) au ’ ! ! d)Cl"'dx
=\ dx; " 9x, cosx, ) \ cosx, "
n_ ou\ > du\?
— <i21 (sec(xn)a—Xi) + (a—xn) ) dxiy---dx,.

g

7, 5/ ou\?
/ u-dx, S/ < ) dx,.
_ —z \ dx,

T
2

Proposition 1.4 gives

Recalling (3.30) and integrating the inequality above,

v s

) |A|2u2e<T’F(x)>du :/ /zﬂ wldx,dxi - dx,_1
2 -3

T 2
) dx,dx;---dx,_
//g(axn) s

n 2 du \?
7% aXI (axn) dxndxl . -dxn_l
n: 2 2
d
( sec(x, 8x,) + (8_;:> ) dx,dxi -+ dx,_

I

This shows inequality (3.25), which is the stability condition for translating solitons in R

O
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