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Abstract: We propose a scheme for the generation of photons from a vacuum via time-modulation of
a quantum system indirectly coupled to the cavity field through some ancilla quantum subsystem.
We consider the simplest case when the modulation is applied to an artificial two-level atom (we call
‘t-qubit’, that can be located even outside the cavity), while the ancilla is a stationary qubit coupled
via the dipole interaction both to the cavity and t-qubit. We find that tripartite entangled states with a
small number of photons can be generated from the system ground state under resonant modulations,
even when the t-qubit is far detuned from both the ancilla and the cavity, provided its bare and
modulation frequencies are properly adjusted. We attest our approximate analytic results by numeric
simulations and show that photon generation from vacuum persists in the presence of common
dissipation mechanisms.

Keywords: photon generation; dynamical Casimir effect; tripartite entangled states; cavity QED;
circuit QED; dressed-states; master equation

1. Introduction

The dynamical Casimir effect (DCE) designates a plethora of phenomena character-
ized by the generation of photons (or quanta of some other field) from vacuum due to
time-dependent variations of the geometry (dimensions) or material properties (e.g., the
dielectric constant or conductivity) of some macroscopic system (see, e.g., the reviews [1-5]).
It was initially investigated for Electromagnetic (EM) field in the presence of non-uniformly
accelerating mirrors and cavities with oscillating boundaries or time-dependent material
properties [6-10], but the concept was later extended to optomechanical systems [11,12],
Bose-Einstein condensates and ultracold gases [13-15], polariton condensates [16], and
spinor condensates [17,18]. Recently, DCE was implemented experimentally via periodical
fast changes of the boundary conditions in circuit Quantum Electrodynamics architecture
(circuit QED) [19-22] and Bose-Einstein condensates [23]. In addition to serving as a direct
proof of the vacuum fluctuations [5], from the practical point of view DCE can be employed
to generate non-classical states of light or of an ensemble of atoms [20,24,25].

The circuit QED architecture [26-30] is a handy platform for the implementation of
DCE and its generalizations, since both the cavity’s and artificial atoms’ properties can be
rapidly modulated by external bias, e.g., magnetic flux [31,32]. In particular, when the atom
is directly coupled to the field via the dipole interaction (described by the Quantum Rabi
Model [33]), a resonant time-modulation of the atomic transition frequency or the atom-
field coupling strength can be used to generate photons and light-matter entangled states
from the initial vacuum state [34-37]. In this case, one can view the atom as a microscopic
constituent of the intracavity medium that shifts its effective frequency; moreover, such
scheme benefits from leaving the Fock states of the cavity field time-independent (as op-
posed to the standard case of time-varying cavity frequency, when the annihilation operator
and the Fock states depend explicitly on time [9]). These non-stationary circuit QED setups
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exhibit several important phenomena beside photon generation from vacuum, e.g., genera-
tion of atom-field entangled states and novel non-classical states of light [38,39], quantum
simulation [40-42], implementation of quantum gates [43], engineering of effective in-
teractions [44], implementation of quantum thermal engines [45,46], photon generation
and atom-field effective coupling via multi-photon transitions [47,48], anti-dynamical
Casimir effect (coherent annihilation of excitations due to external modulation) [49-52],
photon generation by both temporal and spatial modulation in metamaterials [53], vacuum
Casimir-Rabi oscillations in optomechanical systems [54], etc. [5].

In this paper, we investigate whether photons can also be generated from the vacuum
by modulating an artificial atom that does not interact directly with the cavity, but instead is
indirectly coupled to the field through some auxiliary subsystem—the ancilla. Such a coupling
scheme may have several reasons and applications. For instance, the artificial atom can
be designed specifically to withstand fast external modulation of arbitrary format, at the
expense of null coupling to the cavity field but large coupling to other subsystems (possibly
to different kinds of artificial atoms); or the atom can be placed outside or at the end of the
cavity (at the node of the electric field) to minimize the influence of external driving on
the cavity field and increase the cavity quality factor. In addition, the modulated artificial
atom can be designed to couple selectively to multiple cavities by means of different
stationary ancillas, which are constructed with reduced dissipative losses and enhanced
atom-field coupling strengths (ultrastrong coupling [33,55], for instance). Independently
of the concrete scenario, it seems timely to investigate whether such indirectly coupled
time-modulated atom can be harnessed to generate photons from vacuum or engineer some
useful effective interactions, and under which conditions these processes are optimized.

We address analytically and numerically this issue by considering the simplest scenario
in which the time-modulated artificial atom is a qubit (“t-qubit”, for shortness) and the
ancilla is a stationary qubit dipole-coupled to both the cavity field and the t-qubit. We find
that photon generation with sufficiently large transition rates is possible provided there is a
fine tuning of both the modulation frequency and the bare frequency of the t-qubit, which
depend on all other system parameters.

This paper is organized as follows. The mathematical formulation of our proposal is
given in Section 2, and in Section 3 we present a closed analytic description of the dynamics
in terms of the system dressed-states. In Section 4, we confirm our analytic predictions
by exact numeric simulations and illustrate typical system behavior in different regimes
of operation. In particular, we show that the initial vacuum state can be deterministically
driven either to states with only two excitations or states with multiple excitations, even in
the presence of weak dissipative effects. Section 5 contains the conclusions.

2. Mathematical Formulation

Our tripartite system is represented schematically in Figure 1, and is described by the
Hamiltonian (& = 1)

jag. [vﬁ + Q) + hax&,ﬁa)} n [Quae(”) n g(a + a*) A,E”)] . )

The terms in the first brackets describe the free cavity field and the t-qubit coupled to the
ancilla, while the terms in the second brackets describe the ancilla qubit and its coupling

to the cavity field. v is the cavity frequency, # = a'a is the photon number operator
and 4 (a%) is the annihilation (creation) operator. The t-qubit operators are &, = |e){e|,
0. = |e){e| — |g)(g], 6— = |g)(e|, 6+ = 6T and 6, = 0 + 6, where |g) (|e)) denotes the

ground (excited) state. For the ancilla, the operators are similar and are indicated by the
upper index (a), while its ground and excited states are denoted as |g,) and |e,), respectively.
We assume that the ancilla, with constant transition frequency (), interacts directly with
the cavity field via the dipole interaction with the time-independent coupling strength g.
The t-qubit is not directly coupled to the cavity field; instead, it interacts with the ancilla via
the dipole interaction with the coupling constant #. We shall derive closed (approximate)
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analytic description of the dynamics for moderate coupling strengths, g, h < 0.05v, but
our numeric simulations will also explore some interesting phenomena in the ultrastrong
coupling regime with g, i ~ 0.1-0.3v. Notice that the direct qubit-qubit coupling occurs
naturally in many circuit QED setups [56-59], and the coupling constant  can be calculated
in terms of the parameters of the superconducting quantum interference devices (SQUIDs)
that form the qubits [60,61]. A related case in which the t-qubit is coupled simultaneously
to two cavity modes was recently studied in [62], while the possibility of coupling distant
qubits using a chiral ring resonator was analyzed in [63].

i N .
v, @t-qublt
h

Y@ y@

Figure 1. Schematic of the proposal. Extracavity -qubit [of time-dependent frequency Q(#)] is coupled
to the ancilla (of frequency ;) with coupling strength k. The ancilla is coupled to the cavity mode (of
frequency v and damping rate x) with coupling constant g. T-qubit (ancilla) also has damping and
(@)

n)-

pure dephasing rates y and 7, ('y(“) and vy p

We assume that the transition frequency of the t-qubit is modulated externally as
Q(t) = Qo + esin(nt), ()

where () is the bare (average) frequency, ¢ < () is the modulation amplitude and 7 is
the frequency of modulation. Notice that a periodic external modulation of the system
Hamiltonian is a current topic of research in many areas of physics, e.g., two-dimensional
electron systems with Rashba spin—orbit coupling irradiated by an off-resonant high-
frequency electromagnetic field [64]. Moreover, the generalization of our scheme to non-
harmonic modulations is straightforward using the Fourier decomposition [35], while a
clever choice of the time-dependence of the modulation frequency 7(t) could enhance the
photon generation process and originate novel dynamical behaviors [34,65].

In circuit QED, the Hamiltonian alone does not describe accurately the dynamics due
to the system coupling to the environment, so instead of the Schrodinger Equation (SE) one
has to use the master equation for the density operator p
P~ itapl + £p, ©)
where the Liouvillian £ accounts for the influence of the environment [66,67]. The form of
the Liouvillian depends on the spectral density of the reservoir and the type of coupling
to the system [68]. For moderate coupling strengths one can use the standard Markovian
master Equation (SMME) of quantum optics [69]

L= EAd + ﬁph + EA;“) + EA;Z) + Ly, 4)

where the superoperator £, ([’,ph) describes the energy damping (pure dephasing) of the
t-qubit by a thermal reservoir. ﬁ{gﬂ) and ﬁ;’;l) have similar meaning for the ancilla, and

L describes the cavity damping. Indeed, it was shown in [50,65] that in similar setups
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the discrepancy between this equation and a more rigorous one (a microscopic derivation
taking into account the qubit-resonator coupling [70]) is small for the coupling strengths
¢ < 0.1v, while the qualitative agreement is excellent.

In this paper, we consider the zero-temperature limit of the SMME

A ’)’ph

Ly=9Dlo-], Ly = 5 D[6,], Ly =«D|a] (5)

where 7 (7,y,) is the atom relaxation (pure dephasing) rate, « is the cavity damping rate and

D[d]p = = (2dpdt — dTdp — pdTd) (6)

NI~

is the so called Lindblad superoperator that preserves the hermiticity, normalization and
positivity of g [68]. For numeric simulations in Section 4 we shall adopt the following
parameters:

(”)
a - /Y
’)/()_SX]O 51/,’)/(ah)_7{_

/7:57(a)17ph:%' )

This represents the presumable situation in which the t-qubit is exposed to moderate
dissipation due to external modulation, while the ancilla is less susceptible to dissipation
by proper design. These dissipative rates were assumed sufficiently small yet readily
achievable experimentally [71-73]. Such approximate treatment is sufficient to assess the
feasibility of our scheme in realistic situations, and the parameters in Equation (7) can be
viewed as a benchmark for sufficient dissipation rates. We note that an accurate description
of the dissipative dynamics would require solving the microscopic master Equation [70],
for which the spectral densities of the baths must be known. Moreover, the driving field
could cause the system heating. Since in our scheme the t-qubit is placed outside or at the
end of the cavity, such undesirable effects are minimized and could be taken into account
by the additional dissipative term 7;,.,; P[0 ] in Equation (4).

3. Analytic Description

The analysis is simplified by introducing a new “conjoint” atomic basis
{|A;),i =0,...,3}, in which |A;) are the eigenstates of the two-atom time-independent

Hamiltonian H, = Qy0, + Qu&e(u) + h&x&,(ca)containing the bare t-qubit frequency ():

|Ag) = No[(Wy + D+)|g, 8a) — e, eq)] ®)
|A1) = Ni[(W- —D-)|g ea) + hle, ga)]
|A2) No[(W- 4 D-)|g, ea) + hle, ga))]
|[A3) = N3[(W4 —D4)lg, 8a) — hle,ea)].

Here Wi = (Q, £ Q)/2, Dy = 4/ Wi + h? and N; are the normalization constants (with

the dimension 1/frequency); some useful approximate formulae for the eigenstates |A;)
are given in the Appendix A. The corresponding eigenenergies are

A = Wie—Dy, =Wy —-D_ )
Ay = Wy +D_,A3=W,+Dy.

In the basis {|A;)} the time-independent system Hamiltonian reads
! 3 (@
Ho :1/ﬁ—|—2/\1-|A1->(Ai|+g(ﬁ+ﬁ+)(7x (10)
i=0

and the total Hamiltonian is H = Fj + esin(t)0.
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3.1. Spectrum Far from Degeneracies

Far from any degeneracy between the eigenenergies of Hy(g = 0) (system Hamilto-
nian without the matterfield coupling) the spectrum of Hy can be found from the non-
degenerate perturbation theory. We use the orthonormal complete basis |A}) = |A;) ® |n)
(where |n) is the Fock state of the field withn > 0and i = 0, ..., 3) and denote the eigen-
state (eigenvalue) of Hy with the dominant contribution of the state |A") as |A;,n) (Aj,). For
example, to the second order in g one obtains the (non-normalized) state

o n _ o n+1
g m) = |AG) +g| OV quty VAL

v-Dy+D_"1 ' w4yD -D_
o n _ o n+1
LAV N LR SV a1
v—_D,_D_ v+D, +D_

+g? { n(n—1) (2|43 + 21014172 )
o D+ 2) (2142 + 2P1ar) + 2P,

where 0;; = (4; |5’,(CH) |A;) and the coefficients E,gk) are given in the Appendix A. The corre-

sponding eigenenergy reads

crgln agl(n +1)

Aou = Ao+on+g? v—Dy+D_ v+D;—D_

ogn B oh(n+1)
U*D+*D7 U+D++D,

+ . (12)

Expressions for other states |A;, ) and eigenenergies A;, can be obtained similarly, but
they are not required for the present work.

3.2. Spectrum near Degeneracies

Most accessible applications of our scheme explore the regime of parameters in which
two states of the subspace A, = {|A}),|A""1), |AZ~1), |A4~2)} are nearly degenerate, as
occurs for D, + D_ ~ v (when Oy =~ v or ), = v) or (), + Oy ~ 2v/v2 — hZ2. In this case,
the non-degenerate perturbation theory fails, but one can obtain excellent analytic results
by expanding Hy in the subspace A, as

Y, =X+ M,, (13)

where X = vn + Ao, [is the 4 x 4 identity matrix and

0 a b 0
a x 0 —c

Mi=14% 0 y 4 (14)
0 —c d =z

(the parameters of M, are given in the Appendix A). The eigenvalues A,, ; of M, (with
i=1,...,4fora given n, where n labels the subspace A;) can be found exactly using the
Ferrari’s method. The normalized eigenstate corresponding to the eigenvalue A, ; is

(bni) = O AR + AT + RN AT) + 9l AL2), (15)

where 47511,? are the probability amplitudes of the conjoint atomic state | Ay) (see the Appendix A

for the derivation). The eigenenergy of the state |¢, ;) is denoted as Aii and reads
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)\i”i = X+ A, ;. For example, according to our notation, near the degeneracy the eigenstate
| Ag, ) of Yy, is the state |, ;—;) for which 4)7(101.): 1 is the largest among the four states {1¢ni)};

the eigenenergy Ay , is the corresponding function Ai’i: j (80 Ag, can be a discontinuous
function of parameters near the degeneracy).

The above diagonalization procedure has one drawback, it neglects the coupling of
the subspace A, to the neighboring subspaces A+, carried by the counter-rotating terms

g(ﬁ?f@ + h.c.)and h(6— o 4 h.c.) in the Hamiltonian Hy (notice that the counter-rotating
terms were fully taken into account within the subspace A;). For small values of g the main
effect of the neglected contributions is to introduce small frequency shifts (“Bloch-Siegert”
shifts [35]) to the eigenfrequencies of the bare Hamiltonian Hy(g = 0). To include these cor-
rections in a  simplified manner, we  consider the  subspace
B, = {|Al7%),|A""1), |AF71),|A%)} containing the basis states connected solely by the
counter-rotating terms. In this basis, the 4 x 4 matrix corresponding to the Hamiltonian H
is Y, = [v(n —2) + Ag][ + M,, where

0 gvn—1loy gvn—1lop 0

A — | V- logy vp—D_ 0 —g\/noy (16)
" gvn — 1oy 0 vp—+D_ gv/nom
0 —gVnop  gv/noy 2vp

has the same structure as M,, (with vp = v + D), so its eigenvalues can be found as
previously. Denoting the eigenvalues of M,, in the increasing order as [\n,i i=1,...,4),
the frequency shifts of the states in the subspace B, are found as 561_2 = A1, (5?_1 =
App—(w+Dy—D_), 88 ' =A,3— (v+Dy+D_),and 8} = A4 —2(v+Dy) (0Fis
the frequency shift of the state |A5‘>). Now one can insert these shifts into the matrix (13)
by replacing X — X +0}, x = x+ 1 =,y - y+'—68 andz — z —I—A(Sg_z —
Jy, obtaining analytically the eigenvalues and eigenstates of the Hamiltonian Hy near
the degeneracy points. As will be shown in Section 4, for moderate coupling strengths
g < 0.05v, this procedure is in excellent agreement with exact numeric results.

For higher values of g or direct transitions involving n > 2 photons, the above
diagonalization procedure becomes improper (since A, only contains states differing by
at most two photons) and must be generalized by adding more states to the subspace A,
(forming a larger subspace .A5™"). However, since there is no algebraic solution to general
polynomial equations of degree five or higher with arbitrary coefficients (Abel-Ruffini
theorem), it is easier to perform the diagonalization numerically, as will be completed in
Section 4.1.

3.3. Dynamics in the Dressed-Basis

The unitary system dynamics is straightforward in terms of the eigenstates (dressed-
states) of Hy, which can be found either numerically or analytically as in the previous
subsections. Expanding the wavefunction as

() = Y e A1) gr), (17)

[7e

I

0

where |¢;) and E; are the eigenstates and eigenvalues of Hy in the increasing order
(E;41 > Ej), we obtain for the probability amplitudes

iAy = esin(nt) ) A Em (@ 10.] @), (18)
1=0
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where Ej,,, = E; — E; is the energy difference. For the realistic case of weak modulations,
€ < 17, one can neglect the rapidly oscillating terms to obtain

Ap=-Y sign(Elm)e‘Sign(Elm)”(‘Elm‘_”)Rm;lAl, (19)
I#m
where .
Ry = §<§0m|‘76|(l)l> (20)
Therefore, for the resonant modulation frequency # = |E;,,| the external perturbation

induces transition between the dressed-states |¢;,) and |¢;) with the transition rate |R,,]|.
From the practical standpoint, the numeric results are obtained by finding the eigenvalues
E,, and eigenstates |¢;,) of Hj in the basis {lA})}, wherek =0,...,3and n = 0,...,ny,
and then evaluating R,,; and Ej,,,. ny, stands for the maximum number of photons fixed
by the truncation procedure, which does not affect the results for eigenstates with photon
numbers n < ny (here the value ny = 30 was enough). For analytic calculations, one
simply uses the closed form expressions for dressed-states and eigenenergies found in
Section 3.1 (for the states |A;, n) far from degeneracy points, with eigenenergies A; ,) and

Section 3.2 (for dressed-states |¢,, ;) near degeneracy points, with eigenenergies )‘i,i) to
evaluate the transition rate and energy differences. Since all the states were expanded in
the common basis {|A})}, such calculations are long but straightforward.

In this work, we are primarily interested in photon generation from the initial (non-
degenerate) ground state of the system |A, 0). Near the degeneracy points one can obtain
approximate analytic expression for the transition rate using the formulae (11) and (15). To
the first order in g, the transition rate to the two-excitations state |¢, ;) of subspace A; is

eh?
Ro2, = - [NON:&(PS) - gTz} , (21)
where
o 001 N1 002 N> 1) (2)
i (v+D+—D_ U+D++D_><Nl¢2'i +N24’2fi>' @2)

Analogously, the transition rate between the dressed-states |¢,, ;) and |, 12,j) is

Ruins2) = 5 (@il 0elgniz) = 5 NoNsl2p() 9% 23)
When the modulation frequency matches only one possible value |E;,| (with non-zero
transition rate R,,; between the respective eigenstates), the dressed-states |@;,) and |¢;)
become resonantly coupled and exhibit sinusoidal behaviors (see Figures 2 and 3 below),
| Ap () |2 = cos?(R,,;t) and |A;(t) ? = sin?(R,,;t) (assuming that only A,, was initially non-
zero). On the other hand, when several values |Ey,,| are close to the modulation frequency
(with the mismatches 1 — |Ej,,,| smaller or of the order of |R,,;|), then several dressed-
states can become simultaneously coupled and the dynamics becomes more intricate
(see Figures 4-6). We also note that the neglected rapidly oscillating terms introduce
small corrections to the resonant frequencies |Ej,,| [35,49], which are found numerically in
this paper.

The ground state can also be directly coupled to dressed-states with more than two
excitations. To obtain reliable analytic formulae for the resonant modulation frequencies
and transition rates, one would need to generalize the results of Section 3.2 for larger
subspaces (more than four states in AS™). However, we can assure that these transitions
do take place by substituting the formulae (11) and (15) into Equation (20) to obtain the
(overly underestimated) 4-excitations transition rate

. € _
Ro4, = 7 (A0,0[0|@4) = \@ihzgzﬂ l) N3< (2) + Nsd(()S) ) (24)

N ™
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corresponding to the transition |Ap,0) — |¢4;) of the subspace A4. Similarly, if one ex-
panded the ground state to the fourth order in g using non-degenerate perturbation theory

in Equation (11), one would obtain Rq g, o v/4!5h? g4¢éi) for the transition | Ag, 0) — [¢e,i)
of the subspace A¢. In Section 4.1, we shall calculate the transition rates for the transition
|Ag,0) — | Ao, n) with n = 4 and 6 by exact numeric diagonalization of the Hamiltonian
Ay, showing that these transition rates are strongly enhanced in the vicinity of degeneracy
between |Ag, n) and the states |Ap, 1) or |A3,0). Since such multi-photon transitions are
weaker than two-photons ones, we shall study their implementation in the ultrastrong
coupling regime [33,55] with g ~ 0.2-0.3v.

Our scheme can be readily generalized to simultaneous modulation of other system
parameters, one merely needs to add the corresponding matrix element on the RHS of
Equation (18), which would produce an additive contribution to the transition rate (20).
The inclusion of terms proportional to &2 in Equation (19) is also possible [74], but is
not considered here because the resulting transition rates are roughly 7 /¢ times smaller
than Equation (20) (although in this case one benefits from halved resonant modulation
frequencies).

10
(@
S 5
04 T T T T T |
0.7 0.8 0.9 1.0 1.1 1.2 1.3
Qv
(b) 1.592
1.588
2 1584 ﬁ/
ey
1.580
1'576 r T T T T T 1
0.7 0.8 0.9 1.0 1.1 1.2 1.3
Qv
(©) 1.0 Fo,o
Fl‘l
0.5
0.0 T : : :
0 1 2 vt 3 4
(d) 24
1_
O T T T T
0 1 2 3 4

Figure 2. Numeric results for the transition |Ag,0) <+ | A1, 1) using dispersive ancilla with frequency

Q, = 0.6v. (a) Dimensionless transition rate ¥ = |Rqg;,1|/v as function of Oy/v. (b) Resonant

modulation frequency, in which the discontinuity arises because the state | A1, 1) is different below
and above the degeneracy between the bare states |A3) and |A}). (c) Fidelities of the states |Ag, 0)
and |A1, 1) obtained via numeric solution of the SE with the total Hamiltonian (1). As expected, the
period of oscillation is 7r(vr) ~1. (d) Dynamics of the average photon number (1), qubits excitations
(00) and (o;g(a) ), and the total number of excitations Ny, obtained via numeric solution of the master
equation in the presence of dissipation. For comparison, N{orfe illustrates the average total number of

excitations without dissipation, when it attains the maximum value Ntforfe =2.
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1.04 0)_ {22
@ ez (@2-¢2)72
0.5 @7 (@
1)\2 2)\2
0.0 @) (@)
(@+gf2)’r2 (@+gdyr2

0.8 0.9 10 g4 11 1.2

0 — T T T T \I' —
0 1 2 vt 3 4

Figure 3. Transition from |A,0) to the two-excitations states |¢,;) (i = 3 for Qg < v, i = 2 for
)y > v) for resonant ancilla with frequency ), = v. (a) Composition of the dressed-states (15)
involved in the studied transition. (b) Dimensionless transition rate r = |Rg g, |/ v as function of
t-qubit’s bare frequency. (c) Resonant modulation frequency. (d) Fidelities of the states | Ag, 0) and
|¢22) obtained from numeric solution of the SE for (); = v and (g = 1.05v. (e) Numeric dynamics of
the average numbers of excitations ({n), (0e), (06('1) ), Niot) in the presence of dissipation, compared to
the average total number of excitations Nf;ytee under unitary evolution.
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0 4 .yt 8 12

Figure 4. DCE-like transition in which |Ag, 1) couples to the state | Ay, n + 2) with even n for off-
resonant ancilla with Q, = 0.6v. (a) Dimensionless transition rates r, = |Rg,0,442|/v. (b) Resonant
modulation frequencies, where discontinuities occur due to the modification of the dressed-states
at the degeneracy points. (¢) Numeric dynamics of the average photon number, total number of
excitations and the Mandel’s Q-factor. Bold (thin) lines denote the unitary (dissipative) evolution.
Notice that even with dissipation the generation of several excitations is possible. (d) Dynamics of
the cavity Fock states with populations above 10% during unitary evolution. In this example, up to
six photons can be generated with substantial probabilities, while the probability of the vacuum state
can decrease below 10%.

_ 407(a) 1Ay4> - |A,, 0> degeneracy
B 20 |A,,4> - |A_,1> degeneracy
—l 0 M W
3.0 3.2 34 o 36 3.8
0

(b)

4.186 T 1
3.0 3.2 34 qNn 36 3.8
(C) gr AN N —— (dis)
= = tot
7 =4 \‘\‘A\&
1 2 3

Figure 5. Cont.
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(d)

coocoork
ovhro®O

()

coocoork
ovhro®O

0 1 rvt 2 3

Figure 5. Numeric results for the direct transition | Ag, 0) — |Ag,4) in the ultrastrong coupling regime
for parameters (), = 0.6v, g = 0.2v, h = 0.1v. (a) Dimensionless transition rate r = |Ro,04|/v; the
peaks occur near degeneracies between the states {|Ag,4), | A2, 1) } and {|Ap,4),|A3,0) }. (b) Resonant
modulation frequency #, = Eg4 — Epp. (c) Average photon number, average total number of
excitations, and the Mandel’s Q-factor for ()9 = 3.12v and 1 = 4.1873v under unitary evolution.
Nt(ftis) is the total excitation number according to SMME (it is the only quantity displayed under
dissipation). (d) Populations of t-qubit and ancilla; fidelities of the states | A, 0), | Ao, 4) and |Ap, 1).
(e) Dynamics of the Fock states with occupation probabilities above 5%.
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Figure 6. Numeric results for the direct transition | Ag,0) — | Ag, 6) in the ultrastrong coupling regime
for parameters (), = 0.6v, ¢ = 0.3v, h = 0.2v. (a) Dimensionless transition rate r = |Rg.0,6|/v; the
peaks occur near degeneracies between the states {| Ay, 6),|A2,1) } and {| Ay, 6),|A3,0) }. (b) Resonant
modulation frequency #, = Egg — Egp. (c) Average photon number, average total number of
excitations, and the Mandel’s Q-factor for )y = 4.057v and = 5.201v under unitary evolution, as
well as Nt((iis) according to the SMME. (d) Populations of t-qubit and ancilla; fidelities of the states
|Ap,6), |Az,1), and |Ap, 0). (e) Dynamics of the Fock states with occupation probabilities above 10%.

4. Numeric Results and Discussion

To assess the feasibility of our scheme for photon generation from vacuum in circuit
QED, we first assume conservative experimental parameters ¢ = h = 0.05v. In the
following, we set the modulation amplitude as ¢ = 0.10).
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In Figure 2a, we plot the dimensionless transition rate r = |Rg .1 1|/v for transition
from the system ground state | Ay, 0) ~ |g, g4, 0) to the state |[A1,1) ~ —|g, €4, 1) as function
of the t-qubit’s bare frequency () for the ancilla frequency (), = 0.6v. Figure 2b shows the
resonant modulation frequency #, = E1 1 — Eqp (* and 77, were obtained by diagonalizing
numerically Hp). This transition can be roughly interpreted as the Anti-Jaynes-Cummings
ancilla—field regime in which one photon and one ancilla excitation are created, while the
t-qubit remains approximately in the ground state. We verified that the relative errors
between the exact numeric results and the analytic expressions of Section 3 is below 0.6%
for the modulation frequency #, and below 5% for the transition rate » (data not shown). In
Figure 2c, we show the fidelities Fy ,(t) = |(Ag, n|¢(t))|* of the dressed-states as function
of time for (k = 0,n = 0) and (k = 1,n = 1), obtained by solving numerically the SE
for the original Hamiltonian (1) with parameters )y = 0.95v, y = 1.586v, and the initial
state |g, g4, 0). For these parameters, the weights in the state |A;,1) [Equation (15) with
properly chosen i] are 4)&?2 = —0.168, ‘Pg,li) = —-0.977, gbgi-) = 0.021 and gbéi) = 0.132 (so the
contribution of the bare state | Al) is the largest) and the transition rate is r = 1.93 x 10~%. As
predicted in Section 3, there is a periodic population exchange between the dressed-states
|Ap,0) and | A, 1) with period 7t/ (vr), while other states remain practically unpopulated.
In Figure 2d, we present the numeric solution of the master Equation (3). We plot the

(a)

average photon number (#), the qubits excitations (¢,) and (6,") and the average total

number of excitations Ny, = (7 + 0, + (73( ))> For comparison, the average total number
of excitation during unitary evolution (labeled N{;Te) is also shown. This figure attests
that photon generation from vacuum persists in the presence of dissipation. The order of
magnitude of maximal allowed dissipation rates (denoted as ymax for the atoms and xmax
for the cavity dampings) can be estimated from the condition Ymax/V, Kmax/tmax/V ~
(where |nmax) is highest Fock state significantly populated during the evolution, equal
to max = 1 in this example), which for r ~ 10~%v are ubiquitous in several circuit QED
setups [71-73].

In Figure 3, we consider the ancilla at the exact resonance with the cavity mode,
Q, = v, and study the transition from |A, 0) to the state |¢,—, ;) given by Equation (15),
in whichi = 3 for )y < vandi = 2 for (g > v (recall that the index n specifies

the subspace A;). Tables 1 and 2 show the values of the probability amplitudes (])gl)
(j=0,---,3) for several values of ()y/v for parameters (), = v, g = h = 0.05v. Figure 3a
shows the quantities (¢§03) + ¢£23) )2/2, (¢§03) - 4)523) )2/2, (<p§13) )? and (¢§33) )2 for Qp < v and
((Pé?z) + ¢£12) )2/2, (¢§02) - 4)£12) )2/2, (qbézz) )2, and (¢§32) )2 for Qg > v. From Equation (8) we
see that far from the resonance, |}y — v| 2 0.2v, the system eigenstates are approximately
[623) ~ |8) ® (182,2) = lea, 1))/ V2 for Qg < vand [¢oz) ~ —[g) @ (I8a,2) + lea, 1))/ V2
for g > v. Figure 3b,c show the numeric results for the dimensionless transition rate

= |Ro,0;9,,i| /v (i = 3 for Qg < vandi = 2 for Qp > v) and resonant modulation
frequency 1, = Egi — Ep (where Ei . is the numeric eigenvalue of H corresponding /\g,i)'
The agreement with analytic results of Section 3 is excellent, with the relative error below
3% for r and below 0.1% for 7, (data not shown). Figure 3d shows the numeric solution of
the SE for the fidelities Foo(t) = [{Ao, 0|¢(t))|* and Foo(t) = [(¢2]9(1))|* for parameters
Oy =v,09 =105v,and yy = 2 0021/ when the transition rate isr =84 x 10_ and the
weights in Equation (15) are 4) = —0.437, (/)22 0.351, q>2 , = 0.539 and 4)22 = 0.629
(see Table 1). As expected, only the tripartite entangled state |¢22) becomes per10d1cally
populated during the evolution. The panel Figure 3e illustrates the behavior of the average
excitations numbers of the qubits and the field in the presence of dissipation, together
with the average total number of excitations Nj,; and Nf;rfg (under unitary evolution),
confirming the feasibility of photon generation.
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Table 1. Probability amplitudes in the state |¢,,—5 ;—3), Equation (15), for Q; = v and Qp < v.

t-Qubit Frequency g’; SB) §,23) 4,%)

Oy/v =05 0.735 —0.017 —0.678 0.012
Oy/v=07 0.741 —0.048 —0.669 0.038
Qg/v =08 0.740 —0.122 —0.653 0.105
Op/v =10.85 0.714 —0.240 —0.618 0.227
Qp/v=09 0.579 —0.449 —0.479 0.484
Op/v =095 0.457 —0.538 —0.312 0.636
Op/v =099 0.489 —0.548 —0.178 0.655

Table 2. Probability amplitudes in the state |, 5 ;—») for Oz = vand Qg > v.

t-Qubit Frequency ¢§,02) ¢§}2) ¢§’22) ¢§’32)

Op/v =101 —0.464 0.236 0.541 0.660
Op/v =1.05 —0.437 0.351 0.539 0.629
Oy/v=11 —0.571 0.524 0.435 0.458
Qp/v =115 —0.697 0.659 0.206 0.193
Op/v=12 —0.714 0.688 0.098 0.084
Oy/v=13 —-0.711 0.702 0.035 0.028
Qp/v=15 —0.704 0.710 0.01 0.008

In Figure 4, we analyze the possibility of generation of several photons from vacuum
due to the modulation-driven coupling between the states |Ag, n) and |Ag, n + 2) near
the degeneracy point Qg + )y =~ 2v (n = 0,2,4, - - - , imax, Where 11y, denotes the most
excited Fock state for a given modulation frequency). We assume that both qubits are far
detuned from the cavity, so that |Ag, n) ~ |g, ga, n). Figure 4a shows the dimensionless
transition rates 1, = |Rg ;:0,142|/v for n = 0,2,4 as function of Qo /v, while Figure 4b show
the resonant modulation frequencies #,, = Eg ;2 — Eg, for the same parameters as in
Figure 2. The relative error of our analytic formulae is below 5% (0.1%) for the transition
rates (modulation frequencies). One discontinuity in 779 and two discontinuities in 7, and
14 are in agreement with the analytic results of Section 3.2, since the eigenvalues Eq ;>
present a single discontinuity near the degeneracy point (while Eg is continuous). From
these figures, we infer that at least three states | Ao, n) with n = 2,4, 6 could be populated
from the initial ground state provided the modulation frequency is sufficiently close to all
the three frequencies g, 72 and 74 (with the mismatch smaller or of the order of vry,).

This hint is confirmed in Figure 4c, where we solved numerically the SE and the master
equation for parameters (0, = 0.6v, )y = 1.405v and 7 = 2.0086v, when the transition
rates are approximately 7y = 1.8 x 1074, 1, = 1.1 x 10~* and r4 = 9.6 x 107°. This plot
displays the average photon number, the average total excitation number and the Mandel’s
Q-factor Q = ((An)?)/(#) — 1; bold (thin) lines depict the unitary (dissipative) evolution.
Recall that Q quantifies the spread of the photon number distribution; some common
values are Q = —1 (Fock state), Q = 0 (coherent state), and Q = () (thermal state). We
see that a small number of photons can be created from vacuum even in the presence
of dissipation, and the qubits remain approximately in the ground states because N is
always close to (/7). The behavior of (7) is better understood by looking at Figure 4d,
in which we plot the photon number probabilities of the Fock states, P, = Tr[p|n)(n|],
with occupation probabilities above 10% under the unitary evolution. We see that up to
six photons can be generated with significant probabilities, and the populations of the
Fock states exhibit irregular oscillations due to the simultaneous coupling between the
states |Ag,2n) withn = 0,...,3. The created field state is very different from the squeezed
vacuum state generated in standard single-mode cavity DCE with vibrating walls or time-
dependent permittivity [1], for which Q = 1+ 2(#1). As expected, the dissipation destroys
the oscillating behavior of Ny, (1), and Q after some time (rovt 2 7t in Figure 4c) and
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these quantities tend to non-zero stationary values, loosing any resemblance with the
unitary evolution.

4.1. Multi-Photon Transitions

For larger values of the cavity—ancilla coupling constant, g/v ~ 0.2-0.3 (ultrastrong
coupling regime [33,55]), generation of photons from vacuum becomes feasible via direct
driving of the ground state of the Hamiltonian Hj to excited eigenstates with n > 2 excita-
tions. Here, we illustrate this rich variety of phenomena by considering the transitions from
|Ap,0) to the states |Ag,4) and |A, 6). For the reasons already mentioned at the end of
Section 3.2, it is more advantageous to obtain the transition rates and resonant modulation
frequencies via numeric diagonalization of Hy. To assess the experimental feasibility of
these phenomena in open quantum systems we solve numerically the SMME, but warn
that the obtained results serve only to attest that the corresponding transition rates are
sufficiently high to overcome the dissipation for initial times. Although the quantitative
(and even qualitative) accuracy of SMME cannot be guaranteed in the ultrastrong cou-
pling regime, the obtained results are useful for indicating that during the time interval
0 < rvt S 11/2 the dissipative dynamics is qualitatively similar and not too different from
the unitary one, so the generation of several photons should be possible.

In Figure 5a, we set the parameters (), = 0.6v, ¢ = 0.2v, and & = 0.1y, and
evaluate numerically the dimensionless transition rate ¥ = |Rg04|/v for the transition
|Ap,0) — |Ap,4). As in previous figures, the transition rate presents sharp peaks near the
degeneracies between |Ag, 4) and the states | Ay, 1) or |A3,0). The corresponding resonant
modulation frequency 1, = Eyps4 — Egp is shown in Figure 5b. To confirm the feasibil-
ity of such multi-photon transition, we solved numerically the SE for ()9 = 3.12v and
1 = 4.1873v, when the transition rate is 7 &~ 3.2 x 10~# (hence larger than the dissipation
rates). For these parameters, the ground state is [Ag, 0) ~ 0.99|AJ) + 0.13|Al) + 0.02| A3)
and the near degenerate dressed-states are |0,4) ~ 0.72|Af) — 0.57|A3) — 0.27|A}) +
0.25|A3) + 0.12| AY) (with approximate energy 4.1868v above the ground state energy)
and [2,1) ~ 0.86|A}) — 0.39| AY) + 0.22| Af) — 0.18|A3) + 0.16| A2) (with the corresponding
energy 4.1899v). Figure 5c shows the behavior of (7), Niot and Q under unitary evolution,

as well as the total excitation number Nt(iis) assuming the standard dissipation kernel (6).

We see that for rvt < 2, Njyt, and Nt(ftls) have similar behavior, confirming that the transition
rate is sufficiently high to overcome the dissipation for initial times.

Figure 5d shows the excitation probability of t-qubit and ancilla for the initial zero-
excitation state |g, g, 0), together with the fidelities F; = |(Ay, I|¢(t))|* during the unitary
evolution. This intricate behavior occurs because the modulation couples the ground state
|Ap, 0) to both the states |Ag,4) and |Ay, 1), and we verified that Fop + Fy4 + F,1 > 0.98,
proving that only the states |Ag,0), |Ag,4), and |A;, 1) become significantly populated
throughout the evolution. We see that nearly four excitations are created during the
expected time interval rvt = 71/2, and both qubits can be found in excited states with
significant probabilities. The excitation of the ancilla comes mainly from the contribution of
the state | A3), and the excitation of the t-qubit comes mainly from the contribution of | A)
in the dressed-states (since |A1) =~ —|g,e,) and |A;) ~ |e, g,) for the chosen parameters).
Up to five photons can be detected with probabilities above 5%, and the contribution of the
vacuum state becomes nearly zero for rvt ~ 77 /2, as illustrated in Figure 5e.

Figure 6 is analogous to Figure 5 but for the direct transition |Ag,0) — | A, 6). We
performed numerical simulations for larger coupling strengths, ¢ = 0.3v and h = 0.2v, but
the same ancilla frequency (), = 0.6v as in Figures 4 and 5. In panel Figure 6a, we verify
a strong enhancement of the transition rate r = |Rg.0,6|/v in the vicinity of degeneracy
between |Ay,6) and the states |[A;,1) or |A3,0). The resonant modulation frequency
1y = Eo,6 — Eoo is shown in Figure 6b. In panels Figure 6c—e, we solved numerically
the SE for the initial state |g, ¢;,0) and parameters )y = 4.057v and # = 5.201v, when
the transition rate is r = 4.6 x 10~*. The near degenerate states are | Ay, 6) ~ O.68|A8> +
0.52|A3) — 0.39| A§) + 0.25| A7) + 0.16| A?) — 0.14| A}) (with approximate energy 5.2025v
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above the ground state energy) and |A,,1) ~ 0.8|A}) — 0.52|AJ) + 0.25|A) + 0.11| AS)
(with the corresponding energy 5.1978v), while the ground state is | A, 0) ~ 0.98|AJ) +
0.19|Al) + 0.04| A3). Figure 6¢ confirms the generation of photons with () < 4.5 and
Niot < 5 during the unitary evolution. Under dissipation, the plot of Nt(jtls) shows that
for rvt < 1 the influence of dissipation is small, and generation of a few photons is
feasible. The populations of Fock states with occupation probabilities above 10% are shown
in Figure 6e (for unitary evolution). As expected, up to six photons are generated with
significant probabilities (while the Fock states |2) and |3) are practically unpopulated),
and the substantial population of the one-photon state comes from the partial excitation
of the dressed-state |Ay,1). Figure 6d shows the fidelities of the dressed states | Ay, 6),
|Ap,1) and A, 0), whose sum is always above 96%, attesting that only these states become
significantly populated during the evolution.

To conclude, we emphasize that in the regimes studied above the ancilla—cavity

counter-rotating term g(ﬁfr(f) + h.c.) in the Hamiltonian H plays an essential role. In the
two-excitations transitions studied in Figures 2—4, its major effect is to alter the resonant
modulation frequencies and the position of peaks in transition rates, so in the first approxi-
mation it could be neglected via the Rotating Wave Approximation (RWA) (the transition
rate would be wrong by roughly 30% in this case, provided one adjusted by hand the posi-
tions of the peaks). However, for 4- and 6-excitations transitions studied in Figures 5 and 6
that term is indispensable, and the transition rates would be orders of magnitude smaller
if it were neglected. This is illustrated in Figure 7, where we plot the transition rates of
Figures 4a, 5a and 6a (corresponding to the direct transition |Ag,0) — |Ag,n), n = 2,4, 6)
with and without the counter-rotating term and indicate the origin of each peak (degeneracy
of |Ag, n) with | Az, 1) or |As,0)).

final state |A ,4>

——all terms

o RWA in g-coupling
1004 T T T T T T T T T
1 2 3 Qv 4 5

final state |A ,6>

AT

I
I
I
I
I
I
! 2
I

I

10°® degeneracy

Figure 7. Comparison of the direct transition rates from the initial state |Ag, 0) to the states |Ay, 2),
|Ag,4), and | Ag, 6) (indicated on top) with the complete Hamiltonian Hy (black lines) and under
RWA with g(fl[f@ + h.c.) = 0 (red lines). The parameters are the same as in Figures 4, 5 and 6, respec-
tively. The peaks occur near degeneracies between the states {|Ag, 1), | Ay, 1)} and {|Ag, n),|A3,0)} for
n=24,6.

5. Conclusions

We showed that photons can be generated from a vacuum inside a stationary cavity
due to the resonant time-modulation of a quantum system that is indirectly coupled to the
field via some ancilla quantum subsystem. Such coupling may be advantageous when the
modulated system is located outside or at the end of the resonator (when its coupling to
the field is zero) to reduce the influence of the external driving on the cavity field, while
it is strongly coupled to one or several ancilla subsystems. Moreover, this setup permits
fabrication of quantum systems designed specifically for rapid external modulation at the
cost of increased dissipation, while the stationary ancillas and cavities can be optimized for
minimal dissipative losses.

We considered the simplest scenario of a single-mode cavity and a time-modulated
qubit (we named “t-qubit”) playing the role of the indirectly coupled system, while the
ancilla consisted of a stationary qubit dipole-coupled to both the cavity and the t-qubit. Our
scheme and mathematical analysis can be readily generalized to more complex systems
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with alternative coupling mechanisms. We deduced analytically the system dynamics
under unitary evolution and showed that the rate of photon generation can be drastically
enhanced near certain resonances of the tripartite system (related to anti-crossings in the
energy spectrum). We exemplified our scheme by studying photon generation from the
initial vacuum state of the system, considering regimes in which either a single dressed-state
or a small number of dressed-states with a few photons are populated under sinusoidal
modulation. Moreover, we demonstrated that these phenomena can withstand dissipation
with damping rates of the order of 10~5-10"*v, since the typical photon generation rates
are of the order of 10~*v (where v is the cavity frequency). Although the present study
focused on prospects of photon creation from vacuum, our scheme could find applications
in the engineering of effective interactions and generation of useful multipartite entangled
states and non-classical states of light.

Author Contributions: A.V.D. developed the main idea, performed the main calculations and wrote
the text. M.V.S.d.P. and W.W.T.S. performed auxiliary calculations and simulations. All authors
discussed the obtained results. All authors have read and agreed to the published version of
the manuscript.

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: The datasets used and/or analysed during the current study available
from the corresponding author on reasonable request.

Acknowledgments: A.V.D. acknowledges partial support from National Council for Scientific and
Technological Development—CNPq (Brazil). W.W.T.S. and M.V.S.d.P. acknowledge the support
of ProlC/DPG/UnB and Coordenagao de Aperfeicoamento de Pessoal de Nivel Superior-Brasil
(CAPES)—Finance Code 001, via program PET Fisica UnB.

Conflicts of Interest: The authors declare no conflict of interest.

Appendix A. Auxiliary Expressions

The eigenstates given in Equation (8) can be simplified. For W, > h the non-
normalized states read approximately

|[Ao) ~ 1g,8a) — (h/2W4)le, ea) (A1)
| As) —le,ea) — (h/2W4)|8, 8a)-

Q

For [W_| < h we have

A1) =~ lega) = I8 ea) (A2)
| Az) le/ga) + 18, €a),

%

while for |[W_| > h

o Jersa) — (W/2IW-_ g e Qu >
A ”{ —Ig,ea) + (1/2W_|)le ga) , O < O (A3)
f lgea) + (h/21W- e, ga) ) Qu > O
[Az) ~ { le,ga) + (h/2W_)]g,ea) , O < . (Ad)

The coefficients of the state | Ay, n) presented in Section 3.1 are

2
m_ 1 I i %%
! 2v\v—-Dy+D_ v—-Dy—-D_

1
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5(2):i %% I %
" 20\v+Dy—-D_  v+Dy+D_

-3 _ _(701(70213{ n
- Dy (v—Dy+D_)(v— D4 —D_)
n+1
+(U+D++D_)(U+D+—D_)]

4) 0010020,
" (v-Di)(v-Dy-D-)(v-Di+D-)

=(5) _ 0010020,
- (0+D4)(v+Dy+D-)(v+Dy—D-)’

One also has a useful identity 03, + 03, = 1.

The parameters of the matrix M,,, Equation (14), are: a = ¢\/nop;, b = gv/nop,
c=gvVn—1loyp,d=gyn—1oyy,x =Dy —D_—v,y=D;+D_—vandz =2(D; —v).
The eigenvalues A, ; of M;;, where the index n specifies the subspace and i =1, ..., 4 labels
the eigenvalue, are the roots of the quartic equation

A+ BA; +CAL + DAy +E=0 (A5)
with constant coefficients

= —(x+y+2z)

= xy+(x+y)z—a®—b*—c*—d?

(az + cz)y + (bz + dz)x + (a2 + b2)z — XYz

= 2abed + a*d* + b*c* — a’yz — bPxz. (A6)

m O 0w
Il

From the Ferrari’s method we obtain

App = fgf f% 482 2p+%

Aps = —§—5+% 4s2—2p+1

Aps = —§+S—% —452—2;9—%
Aps = —§+S+ 42 —2p T, (A7)

where

S = AOCOZQD*” , q:D+§(T—C> (A8)
qoz%arccos AAlg>,p=C—2B2 (A9)
Ag=+/C2—3BD+12E, Ay =2C%—9C(BD +8E) + 27(3215 + D2> : (A10)

In Equation (15), the probability amplitudes 4)1(1’(1-) of the conjoint atomic state |Ay) are

gy = Soafo 2=

p Lz M) +d D] } (A1)
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@ .
497(:1) = C”J [d¢n,i +z— An,i] 7 497(31) = ®n,iq>n,i ’ 4);(31) = @n,z‘ ’

where
[c—(x = Api)(z—Api)/c]Ayi/a—a(z—Nyj)/c

P, — ni . Al12
b+ [Ani(x = An)d/a+ad] < (AL2)
Ad,  +z— A,
Oni = {1 +9)+ G, 3 vl
-1/2
[2 = (x = Aui)(z = Apj) — (x = Ayi)dd,,;]
+ oy : (A13)

References

1.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Dodonov, V.V. Nonstationary Casimir effect and analytical solutions for quantum fields in cavities with moving boundaries.
In Modern Nonlinear Optics; Advances in Chemical Physics Series, Part 1; Evans, M.W., Ed.; Wiley: New York, NY, USA, 2001;
Volume 119, p. 309.

Dodonov, V.V. Current status of the dynamical Casimir effect. Phys. Scr. 2010, 82, 038105. [CrossRef]

Dalvit, D.A.R.; Maia Neto, P.A.; Mazzitelli, ED. Fluctuations, dissipation and the dynamical Casimir effect. In Casimir Physics;
Lecture Notes in Physics; Dalvit, D., Milonni, P., Roberts, D., da Rosa, F,, Eds.; Springer: Berlin/Heidelberg, Germany, 2011;
Volume 834, p. 419.

Nation, P.D.; Johansson, J.R.; Blencowe, M.P.; Nori, F. Colloquium: Stimulating uncertainty: Amplifying the quantum vacuum
with superconducting circuits. Rev. Mod. Phys. 2012, 84, 1. [CrossRef]

Dodonov, V. Fifty Years of the Dynamical Casimir Effect. Physics 2020, 2, 67-104. [CrossRef]

Fulling, S.A.; Davies, P.C.W. Radiation from a moving mirror in two dimensional space-time: Conformal anomaly. Proc. R. Soc.
Lond. A 1976, 348, 393.

Maia Neto, P.A.; Machado, L.A.S. Quantum radiation generated by a moving mirror in free space. Phys. Rev. A 1996, 54, 3420.
[CrossRef] [PubMed]

Moore, G.T. Quantum theory of the electromagnetic field in a variable-length one-dimensional cavity. J. Math. Phys. 1970, 11, 2679.
[CrossRef]

Law, C K. Effective Hamiltonian for the radiation in a cavity with a moving mirror and a time-varying dielectric medium. Phys.
Rev. A 1994, 49, 433. [CrossRef]

Lambrecht, A.; Jaekel, M.-T.; Reynaud, S. Motion Induced Radiation from a Vibrating Cavity. Phys. Rev. Lett. 1996, 77, 615.
[CrossRef]

Motazedifard, A.; Naderi, M.H.; Roknizadeh, R. Dynamical Casimir effect of phonon excitation in the dispersive regime of cavity
optomechanics. J. Opt. Soc. Am. B 2017, 34, 642. [CrossRef]

Wang, X.; Qin, W.; Miranowicz, A.; Savasta, S.; Nori, FE. Unconventional cavity optomechanics: Nonlinear control of phonons in the
acoustic quantum vacuum. Phys. Rev. A 2019, 100, 063827. [CrossRef]

Carusotto, I.; Balbinot, R.; Fabbri, A.; Recati, A. Density correlations and analog dynamical Casimir emission of Bogoliubov
phonons in modulated atomic Bose-Einstein condensates. Eur. Phys. J. D 2010, 56, 391. [CrossRef]

Dodonov, V.V.; Mendonca, ].T. Dynamical Casimir effect in ultra-cold matter with a time-dependent effective charge. Phys. Scr.
2014, T160, 014008. [CrossRef]

Marino, J.; Recati, A.; Carusotto, I. Casimir forces and quantum friction from Ginzburg radiation in atomic Bose-Einstein
condensates. Phys. Rev. Lett. 2017, 118, 045301. [CrossRef] [PubMed]

Koghee, S.; Wouters, M. Dynamical Casimir emission from polariton condensates. Phys. Rev. Lett. 2014, 112, 036406. [CrossRef]
[PubMed]

Saito, H.; Hyuga, H. Dynamical Casimir effect for magnons in a spinor Bose-Einstein condensate. Phys. Rev. A 2008, 78, 033605.
[CrossRef]

Zhao, X.-D.; Zhao, X; Jing, H.; Zhou, L.; Zhang, W. Squeezed magnons in an optical lattice: Application to simulation of the
dynamical Casimir effect at finite temperature. Phys. Rev. A 2013, 87, 053627. [CrossRef]

Wilson, C.M.; Johansson, G.; Pourkabirian, A.; Simoen, M.; Johansson, J.R.; Duty, T.; Nori, F; Delsing, P. Observation of the
dynamical Casimir effect in a superconducting circuit. Nature 2011, 479, 376. [CrossRef]

Johansson, J.R.; Johansson, G.; Wilson, C.M.; Delsing, P.; Nori, F. Nonclassical microwave radiation from the dynamical Casimir
effect. Phys. Rev. A 2013, 87, 043804. [CrossRef]

Lahteenmiki, P.,; Paraoanu, G.S.; Hassel, J.; Hakonen, P.J. Dynamical Casimir effect in a Josephson metamaterial. Proc. Natl. Acad.
Sci. USA 2013, 110, 4234. [CrossRef]

Svensson, 1.-M.; Pierre, M.; Simoen, M.; Wustmann, W.; Krantz, P.; Bengtsson, A.; Johansson, G. Bylander, J.; Shumeiko, V.; Delsing,
P. Microwave photon generation in a doubly tunable superconducting resonator. J. Phys. Conf. Ser. 2018, 969, 012146. [CrossRef]


http://doi.org/10.1088/0031-8949/82/03/038105
http://dx.doi.org/10.1103/RevModPhys.84.1
http://dx.doi.org/10.3390/physics2010007
http://dx.doi.org/10.1103/PhysRevA.54.3420
http://www.ncbi.nlm.nih.gov/pubmed/9913868
http://dx.doi.org/10.1063/1.1665432
http://dx.doi.org/10.1103/PhysRevA.49.433
http://dx.doi.org/10.1103/PhysRevLett.77.615
http://dx.doi.org/10.1364/JOSAB.34.000642
http://dx.doi.org/10.1103/PhysRevA.100.063827
http://dx.doi.org/10.1140/epjd/e2009-00314-3
http://dx.doi.org/10.1088/0031-8949/2014/T160/014008
http://dx.doi.org/10.1103/PhysRevLett.118.045301
http://www.ncbi.nlm.nih.gov/pubmed/28186806
http://dx.doi.org/10.1103/PhysRevLett.112.036406
http://www.ncbi.nlm.nih.gov/pubmed/24484154
http://dx.doi.org/10.1103/PhysRevA.78.033605
http://dx.doi.org/10.1103/PhysRevA.87.053627
http://dx.doi.org/10.1038/nature10561
http://dx.doi.org/10.1103/PhysRevA.87.043804
http://dx.doi.org/10.1073/pnas.1212705110
http://dx.doi.org/10.1088/1742-6596/969/1/012146

Entropy 2023, 25, 901 19 of 20

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.
39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

Jaskula, J.-C.; Partridge, G.B.; Bonneau, M.; Lopes, R.; Ruaudel, J.; Boiron, D.; Westbrook, C.I. Acoustic analog to the dynamical
Casimir effect in a Bose-Einstein condensate. Phys. Rev. Lett. 2012, 109, 220401. [CrossRef] [PubMed]

Dodonov, V.V,; Klimov, A.B.; Man’ko, V.I. Generation of squeezed states in a resonator with a moving wall. Phys. Lett. A 1990, 149,
225. [CrossRef]

Aggarwal, N.; Bhattacherjee, A.B.; Banerjee, A.; Mohan, M. Influence of periodically modulated cavity field on the generation of
atomic-squeezed states. J. Phys. B At. Mol. Opt. Phys. 2015, 48, 115501. [CrossRef]

You, J.Q.; Nori, F. Atomic physics and quantum optics using superconducting circuits. Nature 2011, 474, 589. [CrossRef] [PubMed]
Devoret, M.H.; Schoelkopf, R.J. Superconducting circuits for quantum information: An outlook. Science 2013, 339, 1169. [CrossRef]
Schmidt, S.; Koch, J. Circuit QED lattices: Towards quantum simulation with superconducting circuits. Ann. Phys. 2013, 525, 395.
[CrossRef]

Wendin, G. Quantum information processing with supercon ducting circuits: A review. Rep. Prog. Phys. 2017, 80, 106001.
[CrossRef]

Gu, X.; Kockum, A.F,; Miranowicz, A.; Liu, Y.-x.; Nori, FE. Microwave photonics with superconducting quantum circuits. Phys. Rep.
2017, 718-719, 1-102.

Beaudoin, F; da Silva, M.P; Dutton, Z.; Blais, A. First-order sidebands in circuit QED using qubit frequency modulation. Phys. Rev.
A 2012, 86, 022305. [CrossRef]

Silveri, M.P,; Tuorila, J.A.; Thuneberg, E.V.; Paraoanu, G.S. Quantum systems under frequency modulation. Rep. Prog. Phys. 2017,
80, 056002. [CrossRef]

Kockum, A.F; Miranowicz, A.; De Liberato, S.; Savasta, S.; Nori, F. Ultrastrong coupling between light and matter. Nat. Rev. Phys.
2019, 1, 19. [CrossRef]

Dodonov, A.V. Photon creation from vacuum and interactions engineering in nonstationary circuit QED. J. Phys. Conf. Ser. 2009,
161, 012029. [CrossRef]

Dodonov, A.V. Analytical description of nonstationary circuit QED in the dressed-states basis. J. Phys. A Math. Theor. 2014, 47,
285303. [CrossRef]

De Liberato, S.; Ciuti, C.; Carusotto, I. Quantum vacuum radiation spectra from a semiconductor microcavity with a time-
modulated vacuum Rabi frequency. Phys. Rev. Lett. 2007, 98, 103602. [CrossRef]

De Liberato, S.; Gerace, D.; Carusotto, I.; Ciuti, C. Extracavity quantum vacuum radiation from a single qubit. Phys. Rev. A 2009,
80, 053810. [CrossRef]

Sabin, C.; Fuentes, I.; Johansson, G. Quantum discord in the dynamical Casimir effect. Phys. Rev. A 2015, 92, 012314. [CrossRef]
Rossatto, D.Z.; Felicetti, S.; Eneriz, H.; Rico, E.; Sanz, M.; Solano, E. Entangling polaritons via dynamical Casimir effect in circuit
quantum electrodynamics. Phys. Rev. B 2016, 93, 094514. [CrossRef]

Felicetti, S.; Sabin, C.; Fuentes, I.; Lamata, L.; Romero, G.; Solano, E. Relativistic motion with superconducting qubits. Phys. Rev. B
2015, 92, 064501. [CrossRef]

Corona-Ugalde, P.; Martin-Martinez, E.; Wilson, C.M.; Mann, R.B. Dynamical Casimir effect in circuit QED for nonuniform
trajectories. Phys. Rev. A 2016, 93, 012519. [CrossRef]

Sabin, C.; Peropadre, B.; Lamata, L.; Solano, E. Simulating superluminal physics with superconducting circuit technology. Phys.
Rev. A 2017, 96, 032121. [CrossRef]

Di Paolo, A.; Leroux, C.; Hazard, T.M.; Serniak, K.; Gustavsson, S.; Blais, A.; Oliver, W.D. Extensible circuit-QED architecture via
amplitude- and frequency-variable microwaves. arXiv 2022, arXiv:2204.08098.

Dodonov, A.V,; Napoli, A.; Militello, B. Emulation of n-photon Jaynes-Cummings and anti-Jaynes-Cummings models via
parametric modulation of a cyclic qutrit. Phys. Rev. A 2019, 99, 033823. [CrossRef]

Dodonov, A.V,; Valente, D.; Werlang, T. Antidynamical Casimir effect as a resource for work extraction. Phys. Rev. A 2017, 96,
012501. [CrossRef]

Dodonov, A.V,; Valente, D.; Werlang, T. Quantum power boost in a nonstationary cavity-QED quantum heat engine. J. Phys. A
Math. Theor. 2018, 51, 365302. [CrossRef]

Dessano, H.; Dodonov, A.V. One- and three-photon dynamical Casimir effects using a nonstationary cyclic qutrit. Phys. Rev. A
2018, 98, 022520. [CrossRef]

Dodonov, A.V. Dynamical Casimir effect via four- and five-photon transitions using a strongly detuned atom. Phys. Rev. A 2018,
100, 032510. [CrossRef]

de Sousa, I.M.; Dodonov, A.V. Microscopic toy model for the cavity dynamical Casimir effect. J. Phys. A Math. Theor. 2015, 48,
245302. [CrossRef]

Veloso, D.S.; Dodonov, A.V. Prospects for observing dynamical and anti-dynamical Casimir effects in circuit QED due to fast
modulation of qubit parameters. . Phys. B At. Mol. Opt. Phys. 2015, 48, 165503. [CrossRef]

Dodonov, A.V.; Diaz-Guevara, ].J.; Napoli, A.; Militello, B. Speeding up the antidynamical Casimir effect with nonstationary
qutrits. Phys. Rev. A 2017, 96, 032509. [CrossRef]

Dodonov, A.V. Novel scheme for anti-dynamical Casimir effect using nonperiodic ultrastrong modulation. Phys. Lett. A 2020, 384,
126685. [CrossRef]

Ma, S.; Miao, H.; Xiang, Y.; Zhang, S. Enhanced dynamic Casimir effect in temporally and spatially modulated Josephson
transmission line. Laser Photonics Rev. 2019, 13, 1900164. [CrossRef]


http://dx.doi.org/10.1103/PhysRevLett.109.220401
http://www.ncbi.nlm.nih.gov/pubmed/23368107
http://dx.doi.org/10.1016/0375-9601(90)90333-J
http://dx.doi.org/10.1088/0953-4075/48/11/115501
http://dx.doi.org/10.1038/nature10122
http://www.ncbi.nlm.nih.gov/pubmed/21720362
http://dx.doi.org/10.1126/science.1231930
http://dx.doi.org/10.1002/andp.201200261
http://dx.doi.org/10.1088/1361-6633/aa7e1a
http://dx.doi.org/10.1103/PhysRevA.86.022305
http://dx.doi.org/10.1088/1361-6633/aa5170
http://dx.doi.org/10.1038/s42254-018-0006-2
http://dx.doi.org/10.1088/1742-6596/161/1/012029
http://dx.doi.org/10.1088/1751-8113/47/28/285303
http://dx.doi.org/10.1103/PhysRevLett.98.103602
http://dx.doi.org/10.1103/PhysRevA.80.053810
http://dx.doi.org/10.1103/PhysRevA.92.012314
http://dx.doi.org/10.1103/PhysRevB.93.094514
http://dx.doi.org/10.1103/PhysRevB.92.064501
http://dx.doi.org/10.1103/PhysRevA.93.012519
http://dx.doi.org/10.1103/PhysRevA.96.032121
http://dx.doi.org/10.1103/PhysRevA.99.033823
http://dx.doi.org/10.1103/PhysRevA.96.012501
http://dx.doi.org/10.1088/1751-8121/aad200
http://dx.doi.org/10.1103/PhysRevA.98.022520
http://dx.doi.org/10.1103/PhysRevA.100.032510
http://dx.doi.org/10.1088/1751-8113/48/24/245302
http://dx.doi.org/10.1088/0953-4075/48/16/165503
http://dx.doi.org/10.1103/PhysRevA.96.032509
http://dx.doi.org/10.1016/j.physleta.2020.126685
http://dx.doi.org/10.1002/lpor.201900164

Entropy 2023, 25, 901 20 of 20

54.

55.

56.

57.

58.

59.
60.

61.
62.

63.
64.
65.
66.
67.
68.
69.
70.
71.

72.

73.

74.

Macri, V.; Ridolfo, A.; Di Stefano, O.; Kockum, A.F.; Nori, F; Savasta, S. Nonperturbative dynamical Casimir effect in optomechani-
cal systems: Vacuum Casimir-Rabi splittings. Phys. Rev. X 2018, 8, 011031. [CrossRef]

Forn-Diaz, P.; Lamata, L.; Rico, E.; Kono, J.; Solano, E. Ultrastrong coupling regimes of light-matter interaction. Rev. Mod. Phys.
2019, 91, 025005. [CrossRef]

Li, X.-Y.; Ashhab, S.; Cui, W.; Wu, R.; Nori, F. Two-qubit gate operations in superconducting circuits with strong coupling and
weak anharmonicity. New J. Phys. 2012, 14, 073041. [CrossRef]

Ashhab, S.; Nori, F. Switchable coupling for superconducting qubits using double resonance in the presence of crosstalk. Phys. Rev.
B 2007, 76, 132513. [CrossRef]

Yamamoto, T.; Watanabe, M.; You, ].Q.; Pashkin, Y.A.; Astafiev, O.; Nakamura, Y.; Nori, F; Tsai, ].S. Spectroscopy of superconducting
charge qubits coupled by a Josephson inductance. Phys. Rev. B 2008, 77, 064505. [CrossRef]

Blais, A.; Grimsmo, A.L.; Girvin, S.M.; Wallraff, A. Circuit quantum electrodynamics. Rev. Mod. Phys. 2021, 93, 025005. [CrossRef]
Willsch, M.; Willsch, D.; Jin, E; De Raedt, H.; Michielsen, K. Real-time simulation of flux qubits used for quantum annealing. Phys.
Rev. A 2020, 101, 012327. [CrossRef]

Ciani, A.; Terhal, B.M. Stoquasticity in circuit QED. Phys. Rev. A 2021, 103, 042401. [CrossRef]

Dodonov, A.V. Dynamical Casimir effect in cavities with two modes resonantly coupled through a qubit. Phys. Lett. A 2020, 384,
126837. [CrossRef]

Sedov, D.D.; Kozin, V.K; Iorsh, I.V. Chiral Waveguide Optomechanics: First Order Quantum Phase Transitions with Z3 Symmetry
Breaking. Phys. Rev. Lett. 2020, 125, 263606. [CrossRef]

Kozin, VK,; Iorsh, I1.V,; Kibis, O.V,; Shelykh, I.A. Quantum ring with the Rashba spin—orbit interaction in the regime of strong
light-matter coupling. Phys. Rev. B 2018, 97, 155434. [CrossRef]

Dodonov, A.V,; Militello, B.; Napoli, A.; Messina, A. Effective Landau-Zener transitions in the circuit dynamical Casimir effect
with time-varying modulation frequency. Phys. Rev. A 2016, 93, 052505. [CrossRef]

Vogel, W.; Welsch, D.-G. Quantum Optics; Wiley: Berlin, Germany, 2006.

Schleich, W.P. Quantum Optics in Phase Space; Wiley: Berlin, Germany, 2001.

Breuer, H.-P,; Petruccione, E. The Theory of Open Quantum Systems; Oxford University Press: Oxford, UK, 2002.

Carmichael, H. An Open System Approach to Quantum Optics; Springer: Berlin, Germany, 1993.

Beaudoin, F.; Gambetta, ].M.; Blais, A. Dissipation and ultrastrong coupling in circuit QED. Phys. Rev. A 2011, 84, 043832.
[CrossRef]

Kirchmair, G.; Vlastakis, B.; Leghtas, Z.; Nigg, S.E.; Paik, H.; Ginossar, E.; Mirrahimi, M.; Frunzio, L.; Girvin, S.M.; Schoelkopf, R.J.
Observation of quantum state collapse and revival due to the single-photon Kerr effect. Nature 2013, 495, 205. [CrossRef]

Riste, D.; Dukalski, M.; Watson, C.A.; de Lange, G.; Tiggelman, M.].; Blanter, Y.M.; Lehnert, K.W.; Schouten, R.N.; DiCarlo, L.
Deterministic entanglement of superconducting qubits by parity measurement and feedback. Nature 2013, 502, 350. [CrossRef]
[PubMed]

Sun, L.; Petrenko, A.; Leghtas, Z.; Vlastakis, B.; Kirchmair, G.; Sliwa, K.M.; Narla, A.; Hatridge, M.; Shankar, S.; Blumoff, J.; et al.
Tracking photon jumps with repeated quantum non-demolition parity measurements. Nature 2014, 511, 444. [CrossRef] [PubMed]
Silva, E.L.S.; Dodonov, A.V. Analytical comparison of the first- and second-order resonances for implementation of the dynamical
Casimir effect in nonstationary circuit QED. J. Phys. A Math. Theor. 2016, 49, 495304. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1103/PhysRevX.8.011031
http://dx.doi.org/10.1103/RevModPhys.91.025005
http://dx.doi.org/10.1088/1367-2630/14/7/073041
http://dx.doi.org/10.1103/PhysRevB.76.132513
http://dx.doi.org/10.1103/PhysRevB.77.064505
http://dx.doi.org/10.1103/RevModPhys.93.025005
http://dx.doi.org/10.1103/PhysRevA.101.012327
http://dx.doi.org/10.1103/PhysRevA.103.042401
http://dx.doi.org/10.1016/j.physleta.2020.126837
http://dx.doi.org/10.1103/PhysRevLett.125.263606
http://dx.doi.org/10.1103/PhysRevB.97.155434
http://dx.doi.org/10.1103/PhysRevA.93.052505
http://dx.doi.org/10.1103/PhysRevA.84.043832
http://dx.doi.org/10.1038/nature11902
http://dx.doi.org/10.1038/nature12513
http://www.ncbi.nlm.nih.gov/pubmed/24132292
http://dx.doi.org/10.1038/nature13436
http://www.ncbi.nlm.nih.gov/pubmed/25043007
http://dx.doi.org/10.1088/1751-8113/49/49/495304

	Introduction
	Mathematical Formulation
	Analytic Description 
	Spectrum Far from Degeneracies
	Spectrum near Degeneracies
	Dynamics in the Dressed-Basis

	Numeric Results and Discussion 
	Multi-Photon Transitions

	Conclusions
	Appendix A
	References

